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1 | INTRODUCTION

We consider the problem

Dy (Dyu(0)) = f (,u(x)), 1> 0, u€@=1,9), vEP—1,p), 4, pEN,
| (1)
ud (0) = b;, (CDSM)(I) 0 =¢; b, ¢; ER,

where i = 0,1,...,q—-1,j =0,1,..,p—1,q = —[-u], p = —[-v] and CDS is the Caputo fractional derivative (CFD)
of order ¢ > 0 defined below. A nonexistence result of nontrivial global solutions for (1) will be shown under the condition
f (z,u(z)) > 7° lu(r)|™ for some m > 1 and 6 € R. That is we consider the problem

D (Dlu(2)) = P lu(@)I", ©>0, € @—1,0), vEP—1,p),q,pEN,
| )
W ©0)=b,, (°Diu)” (0) = c..

We seek sufficient conditions on the parameters &, m, and the initial conditions bj, ¢, i =0,1,..,g-1,j=0,1,..,p— 1,
q = —[—u], p = —[-v], so that nontrivial solutions of (2) do not exist globally.
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2. PRELIMINARIES

As, CD(’; (“Dhu) # CD(’;+”u, ue(g—1,9),v€(p-1,p),q p €N, we can not generally apply the power rule here.
Incase y = 1,0 =0and f (z,u(z)) = 7° [u(z)]™ in (1) we obtain the problem

(@)= u@]™, >0 m>1, 3)
u(0) =b.
The solution of (3) is
u(r) = [bl"” - ’”—_11”5] L 0 541
a 1+6 ’ ’ '
Notice that the solution blows-up in finite for m > 1.
Incase u =v=1,and f (r,u(r)) = [u(z)]" in (1) we obtain the problem
" (v) =[u()]™,
) =@I". @
u©)=>by, u (0) =c.
\/5 (m+1)/2 . .
When ¢, = b1 , by > 0, the solution of (4) is
m+1
1 2/(1-m)
u(wy = b - 2t , )
V2m+2
and it blows up when
V2 2
= L-i_b(l_m)/z, m> 1.
m—1 1
In', Kassim et al. studied the problem
Dlfu(r) + Dhu(r) > 7° lu()|", ©>0 ©
u® ) =5, k=0,1,..,q—1,

where m > 1,q > lisaninteger, g — 1 < v < u < gq,and b, > 0, k = 0,1,...,q — 1. They demonstrated, under sufficient
conditions, that the problem (6) has no nontrivial global solutions when m (1 —v) -1 <6 <m— 1.
Recently, Samet showed in?’ that the problem

DY (Dyu(r)) =2 2° lu(@)|", >0, m>1, 0<o,pu<l,

1,7 (Dyu(0)) = by, I,"u(0) = by,

does not admit nontrivial global solutions when b, > 0 and m(1 — u —v) =1 < 6 < m—1, where D{ is the Riemann-Liouville
fractional derivative (RLFD). In this work, we generalize the work of > to any value of u and v using CFD instead of RLFD.
We prove here the nonexistence of nontrivial global solutions, for certain values of § and m, in an appropriate space which will
be specified later. Firstly, we establish some inequalities which will be used in our results. Obviously, sufficient conditions for
nonexistence give necessary conditions for existence of solutions. The proof is based on the test function method and some
proper manipulations of the fractional derivatives, integrals and the arising terms along the way.

For more results regarding the problem of nonexistence of solutions for fractional differential equations, we refer
10 7+10253L17,18,19.24,159.14.20.26.1,5.27.34 (56 also references therein).

In Section 2, we recall some definitions, lemmas, and prepare some material needed to prove our result. Section 3 contains
the statement and proof of our nonexistence result illustrated by some examples. Finally in section 4, we present some numerical
examples that show the blowing-up character of the solutions.

2 | PRELIMINARIES

In this section, we introduce some definitions, properties, lemmas and notations used in our results. We refer the reader to 16,28,30

for more details concerning fractional derivatives.
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2. PRELIMINARIES

Definition 1. '° Let AC[0, c0) denote the space of absolutely continuous function on [0, co) and ACY[0, ), ¢ € N, denote the
space of functions f which have continuous derivatives up to order ¢ — 1 on [0, o) such that f“~" € AC[0, c0), where f@D
denotes the derivative of order g — 1 of f.

Definition 2. ' We denote by L, (a,b), p > 1, the usual spaces of Lebesgue integrable functions on (a, b).

Definition 3. '° Let f € L, (a, b). The integrals

_ 1 [T e
1) = s / oS > a >0, 7
and .
I'f(r) 1= = IS 45, (e <b, u>0), ®)

L J. (s—o)l+
are called the RL left-sided and RL right-sided fractional integrals of order u of the function f, respectively. When u = 0, we
set I0f =1I)f = f.
Definition 4. '® The RL left-sided and RL right-sided fractional derivatives of order 4 > 0, ¢ = — [—pu], of the function f are
defined by

Dif(z) = (%)qlg_”f(r), r>a
q
D' f(r) := (_%> 17" f(z), T <b,

respectively, provided that the right sides are defined almost everywhere on [a, b] .

Definition 5. ' Let f € ACY[a, ). The expression

v @)
CDQ‘f(r):Ig‘”f(‘”(r)zF(ql_ﬂ)/ : SO0 s a0<u<l). ©

T — g)ntl=g

is called left-sided CFD of order u of f.

Lemma 1. ' If 4 > 0 and v > 0, then

H _ ol _ F(D) _ \uto—1
I (b—r1) _—F(v+,u)(b T) , T<b,

o I'() o
DZ(b_T) l=m(b—’[) 'ul, T<b.

Lemma 2. l(’Letu>(),r2l,szlandl+lS1+pt(r;élana's;é1inthecasewhen1+l=1+/4).If€')1EL,(a,b)
ros ros
and ©, € L (a,b), then

b b
/@1 (r)(ljj@z)(r)dfz/ 0, (2) (1}0,) (r)dr. (10)

Lemma3. >Let y>0and g = —[—pu].If f, IZ_”g € ACY[a,b], then
b

b -
[eoepis@ar= [ r@pizmare 3 [10@ 0 e o)

b
i=0 =
a

For T > 0 we define the following test function

T°(T =7, 0<7t<T,p>0,
O(r) = (11)
0, >7T.

Lemmad4. Let y > 0,g=—[—pu]and ©® be asin (11) with p > u — 1. Then I?"@ € ACY [O, T] .

Proof. By using Lemma 1, we find

_ o _ 'p+1) _
IQ#@ :TprIllT_ P = TP T — P‘HIM, T.
7 0® r v F(p+l+q—/4)( v T

Since p > p — 1, then I77"© € AC? [0,7]. O
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Lemma 5. Let u, v > 0, p = —[-v] and © be as in (11) with p >  + v — 1. Then I7""D!'© (r) € AC” [0,T].

Proof. By virtue of Lemma 1, we can write

i} L Tp+1) _

DM@ =7 ﬂDﬂ T — ﬂZTP T — Pll’
"0 (1) (T 1) ErE U
and
- L T+ ., .
"D O(r) = TP—— 2 7 (T — gy
s s
I'(p+1)

=T (T =)™+ < T.

Fp—p+1l+qg-v)
Since p > p+v— 1, then I""D}® (1) € AC? [0, 7.
Definition 6. For y € (¢—1,9),v € (p—1,p), q,p €Nand T > 0, we introduce the space
AC*"[0,T] ={ue AC?[0,T] : “Djuec AC?[0,T|. p<q}.
»s Lemma6. Let y>0,q=—[-u]and ® be as in (11) with p > y— 1. If D} f € AC?[0,T|, T > 0, then

T T
/ O ()°DA(“Dyf (1)) dr = / “Dyf (r) D}O (1) dt
0 0

q—1

LS T0ED i e
Z&F(p—u+i+2)rﬂ (“Dyf ()" (0).

Proof. By Lemma 4, it is clear that I7"@ € ACY [O, T ] . On the other hand, Lemma 1 and (11) imply that

Fp+1)

T-r (T _ T)p—,ll+i+l )
T(p—p+i+t2)

D@ =T DTN (T - 1) =

Notice that

_ e+ i
l"(p —u+i+ 2)
DO =0,i=0,1,..4- 1.

bl

—i-1
DO (0) =

By Lemma 3 the result follows.

Lemma7. Letv, 4 >0, p=—[-v]and ® be as in (11) with p > y+v— 1.If f € AC?[0,7],T >0, then

T

T
/ “Dyf (1) Dy (1) d = / f (@) DL (DLO (1)) dr
0

0

p—1
- Z I+ D T—ﬂ—v+j+1f(i) 0).
J:OF(p—y—1)+j+2)

Proof. Lemma 5 tells us 17" D/ @ () € AC? [O, 7']. Moreover, Lemma 1 and (11) yield

T+ _
P ) peitl gk
To-u+n’r 779

(T =)y # o+ o T.

D (DEO(r) = TP DY (D (T — o) =T

I'(p+1)
Cp—pu—-v+j+2)

-p

Clearly
I'(p+1)

Fp—p—-v+j+2)

DUT—j—l (D;@) (0) — T—M—n+j+l

[l

and i
D (DL@) (T) =0, j=0,1.2..p— 1.

20 The conclusion in the lemma is a direct application of Lemmas 3 and 5.
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Lemma8. Lety € (¢q—1,9),v € (p—1,p),qg = —[-ul,p = —[-v],and O be asin (11) withp > u+o—-1.If f €
ACH*¥[0,T],T >0, then

.
/@(r)CDg(CDgf(r))dr = /f(r)D;(D;@)(r))dr
0

_ F(p-i-l) —u+i+l (C o )
Zr(p /4+1+2)TM (Dof(f)) ©

I'(p+1) —p—vtj+l £
— T —H—vri+l £() () .
j;or(p—y—v+j+2) A

Proof. The result follows from Lemmas 6 and 7. O

Lemma9. Let ® be asin (11) with p > u + v — 1. Then
r 1
D% (D"0(7)) = oo L0+D o e o7
T C(p—u—v+1)
Proof. Thanks to Lemma 1 and (11), we have
Dy (D4©(v)) = T~"Dy (DL (T — 7))
F(p + 1)

= T° p—H
To-urn 7770
= T“’—F +1D T -0 ", t<T.
F(p—p—v+1)
O
Lemma 10. Let ® be asin (11) withp > v —1and v, u > 0. Then
I'(d+p) - -
1" DO =————> T (T —1)™, T.
s (T)’ Totn—orn 079 P
Proof. Lemma 1 allows us to write
I'ad+p _ _
v - " P _ p—v
|DT®(T)| F(p—l)+1)T T -0, t<T,
and
T+ ___ _
1* DO = ——— T I4(T -1)"
Py | = s T T D)
= T0HD e o7
F'u+p—-—v+1)
O

Lemma 11. Let ©® be as in (11) with p > max {p(v—u)—1,v—1}, v, u > 0and p > 1. Then

7
p

/T5(1—p)@1—1) (1) [1; |D'7),®| (1)] dr = ijlljufﬁ(l—P)+P(;l—v)+l’ s(1-p+1>0,

0

where

o — C(p+1) PTEA=-p+DT(pu=-—v)+p+1)
pro [Cutp—v+ D] TG@EU-p+pu-v)+p+2)
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Proof. From Lemma 10 and (11), we see that
I'(p+1)
F'u+p—-—ov+1)

SR

_[ Fp+1)
T |TC(u+p—0v+1)

p
] TP (T — T)p(ﬂ+ﬂ—v)

p
] TP (T =)W < T.
Therefore

C(p+1) ”T_p
F'u+p—ov+1)

-
/Tg(l_p)(al—p (7) [[7’1 D;@’(T)]pdf = [
0

7
X / £6(=p) (T _ T)p(u—v)ﬂn dr.

0
Let r = T s. It appears that

D36 (z')]p dr

T
/Taa—p)@l—p ) [[;
0
1
p
T 8(=prtp(u—v)+1 / s80-p) (1- S)P(M—U)+P ds
0

_ [ T(p+1) ]p L6 -p+Hr(pu-—v)+p+ 1)T§(l—p)+p(ﬂ—u)+l
C(u+p—v+1) F@EA-p+pu—v)+p+2) '

_[ C(p+1)
h F'u+p—ov+1)

Lemma 12. Let ® be asin (11) with p > p(u+v)— 1,0, u > 0 and p > 1. Then
T
p
/ 10017 (1) || Dy (D40)| (0] dr = Con TP 51— p) 4150,
0
where

w:[ T(p+1) ]"F<p—p(u+v)+1>r<5<1—p)+1>
pre [ T(p—pu—v+1) C@eA-p+p—p+ov)+2)

Proof. A direct consequence of Lemma 9 is

0 (z) HD; (D;@)I(T)]p

[Tr T -]
y [ C'(p+1)

p

TP (T — T)p(p—u—v)

Flp—p—-v+1)

_ F(p + 1) ? T-r (T _ T)ﬂ—P(lH'U)
T(p—pu—-ov+1) '

Therefore
-
p
/ #1001 (0) [| Dy (D0)| ()] d7 = [%] 7
—H—0
/ p—p
T
X / 700=P) (7 — )PPt g
0

Next, the change of variable 7 = sT yields

.
/r‘“‘—!’)@‘—" (r) “D’; (Dﬁ@)’ (T)]pdl'
0
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1
p
T 6(1=p)=p(ptov)+1 / s80-p) (1- S)P—P(M+U) ds
0
_ [ C(p+1) ]pr(‘s(]_P)+I)F(P_P(M+U)+1)75(1_p)_p(,4+u)+1'
Fp—p—-v+1) @6l -p+p—pp+ov)+2)

_[ C(p+1)
T |TGp—pu—v+1)

Lemma 13. Let ©® be as in (11) with p > po — 1, v > 0 and p > 1. Then

.
/Té(l—p)gl—p (1) |D1;@(T)|pd1 = CO oDl s (1 - p)+1 >0,
0

where

oo_ | _TU+p |"T-pp+DIEA-p+1)
v F'p—v+1) réd-p+p—pv+2)

Proof. This is an immediate consequence of Lemma 1 and a similar change of variable as in the above lemmas. O

!
Do —1,m = mlandm(,u—1)+1>0(:)m’/4>1,f0ry>0.
m m—

ss Remark 1. If m, W’ > 1 and 1 + i, =1, then
m m

3 | NONEXISTENCE OF NONTRIVIAL SOLUTIONS

In this section we will demonstrate our result.

Theorem 1. Suppose that
g—p—@+g-I)m-1<é6<m—-1,m>1,¢,_,>0.

Then, Problem (2) has no nontrivial global solution in AC**[0, o0).

Proof. We argue by contradiction. Assume that nontrivial solution u exists for all time = > 0. Let ® be as in (11) with p >

n 1(;4 + v) — 1. Multiplying both sides of the inequality in (2) by ® and integrating over [0, 7 ], we get
m f—
T T
I= /@(7:) 2 lu(o)|"dr < / O (1)°D} (“Dhu(r)) dt (12)
0 0
According to Lemma 8, it is obvious that
T T
/ O ()°D} (“Dhu(r)) dr = / u(r) Dy (D4O (7)) dt
0 0
q—1
r 1 ; i
=Y e e (D) 0)
F'p—pu+2+10)

i=0

p—1
- Z T+t D T —H=vkj+1,0) 0)
{T(p—p—v+2+))

-1

j=
T q
C(p+1) it
= [u@) Dy (DrO(1))dr — ) ——— T
0/ TATT Z(;r(p—ﬂ+z+2)

p—1
-y Teo+D ooy (13)
J:OF(p—y—v+j+2) J
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and hence
T T -
Co+D) i
= [ 0@ |u@)|" s/u(r)DUT (DrO (1)) dr - ) ——————T #*¢,
/ T g;‘ F'p—pu+i+?2)
0 0
p—1
_ Z F(p + 1) T_M_U+j+1b~
J=0F(p—y—v+j+2) bl
or

T

T4 he, , < / u(t) Dy (DhO (7)) dT
0
q-2

ra
]+(—+p)
Fp—p+q+1)

F(p u+i+?2)

I'(p+1D il

1

p—1
_Z F(P+ 1) T_M_D+j+1b‘.
Slp—n-v+j+2) !
Next, we insert ©'/™ () 8/™@~1/™ (1) z7%/™ inside the integral of (14) and using Young’s inequality, we obtain
T
T, | < 1 / 220 (7) lu (v)|" d=
m

0

F(p+1)

I+ ——————
Fp—pu+qg+1)

.
1 ’ ’ m'
oL / O~/ () z/m | Dy (D40 ()| dr

-2
qz Fp+1) T—M+i+1

F'p—pu+i+2) €i

p—l
_ Z F(p + 1) T_M_U-H-Hbv,
“T(p—pu—v+j+2) !

or .
F(p+1 m
i] + (p+1) TaHe L / o™ /m —om' [m |Dv DM@(,L.))| dr
m F'p—pu+q+1) =~ mw
0
q-2 p—1
Z Cp+1) Tl Z Cp+1) T"“”+j+'bj.

IF'p—pu+i+2)

The integral term in (15) may be evaluated by Lemma 12
m'T(p+1)

Fp—p+q+1)

Slp—p-v+j+2)

TaH,e < C&,m’ T&(l—m’)—(u+u)m’+l
g-1 = y/N7R]

q-2 1

TGO+ D i, v mTep+1)
,=0F(p ;4+l+2) jOF(p—y—v+j+2)
From (16), we deduce that

_”_D+j+1b<

m'T (P + 1) c Cém T H- q+6(l m/) (u+o)ym'+1
Tp—pu+q+1) "~

2 p—1
_ m'T (p + 1) T_q+i+1C» _ Z m'T’ (p + 1) T_q_u+j+lb-.
F'(p—u+i+2) ! = T(p—pn—v+j+2) J

i=0

(14)

5)

(16)

j
If6>q—pu—(g+v—1)m—1weseethat y—q+5(1—m') = (u+v)ym +1 <0, and consequently T Hmato(l=m)—Gerom'+1

/r—q+i+1’ T-9-vtj+l () as T — o0o. Therefore
¢-1 0.

We reach a contradiction since ¢,_; > 0.
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4. EXAMPLES

(a)

200 _I T T T _- 200 —l T T
y=-05 — numerical 1 y=0.5
150 F m=2 [ m=2
bi=1 150 bt
b2=1 bZ=1
1001 * 100}
=1
50 0 50_
O_I 1 1 1 0—I 1 1 1 1 ]
0.0 05 1.0 15 0.0 0.5 1.0 15 20
T T

Figure 1 A plot of the numerical solution (black-line) of u”(r) = 7"|u(z)|™ is shown and compared to different iterations
(n =2,4,6) using Eq. (17). y is taken to be —0.5 and 0.5 in panel (a) and (b), respectively. The initial conditions are taken to be
u(0) = b, and u'(0) = b,, both specified in the figure.

4 | EXAMPLES

The problem (2) is equivalent to the Volterra integral inequality
1

c
Kk g (‘L"S |u(1')|'") )

u(r) > k4
= k! = k!

To study the behavior of the solution u(7) numerically, we will use the iterative scheme where the above inequality can be
written as

U= (T)|'”) : (17)

p—1 b q-1 c
u™ (1) = k4 z LY (A (Té
= k! = k!

where n = 1,2, ..., represents the number of iterations starting with the initial guess u’ = 1.

Using Eq. (17), we study some special cases by assuming different ¢ and v in every case. We note here that ¢ = —[—pu],
p=—I[-0vl

First, let us start by the simplest case when y = v = 1. In this case, the differential equation is ordinary and its solution could
be found numerically using any numerical software. In Eq. (5), the analytical solution, which blows-up at finite 7, is presented
when 6 = 0. In this example, we find the numerical solution of this differential equation using m = 2 and 6 # 0. Then, compare
it to the solutions obtained from Eq. (17) after n = 2,4, 6 iterations as shown in Fig. 1. As can be seen from this figure, the
agreement to the numerical solution increases by increasing the number of iterations #. This comparison shows that qualitative
agreement to the solution could be achieved using a small number of iterations. We will use this argument later when u and v
are fractions.

Next, we consider solutions of problem (2) using Eq. (17) with different y and v fractional orders. In Fig. 2, we plot the
solution u(7) in three cases: 0 < u,v < 1 (top panel), 1 < 4 < 2and 0 < v < 1 (middle panel), and 1 < u, v < 2 (bottom panel).
The number of iterations is taken to be n = 3 and n = 4 in the left and right columns, respectively. Here we stopped at n = 4
due the complexity of the solution at large » and due to the fact that more iterations just result in more powers of = making the
blowing more faster. Even with n = 4, the blowing-up character of the solutions is shown at finite = as can be seen from Fig. 2.

In all cases considered above, the solutions showed a blowing-up character for different parameters. This support the finding
of this work where nontrivial global solutions of problem (2) do not exist as discussed in section 3.

In perspective, we aim to extend our theoretical work by exploring other types of fractional differential equations, in addition

to conducting numerical analysis and simulations. %23>21:20,



4. EXAMPLES

100000 | 4
u=0.5 o
80000 v=06 n=3 ]
__ 60000f m=2 1
L;, y=0.5
40000+ bo=1 1
CO=1
20000+ 1
0 1 1 1 l_-
0 1 2 3 4 5 7
T
(c)
140000 F . . : :
120000f p=1.5 3
v=0.5 — n=3
100000 f ]
__ 80000} m=2 ]
r y=-0.5
S 60000 C bo=1 7
40000} Co=1 ]
C1=1
20000} ]
O'l U TR T T (Y VT TR TN T N T T T 1 PO T T T N T T 1 1 11 l_:
0 1 2 3 4 5 7
T
L A | T (el) T T
3.0 X107} 1
7F w=1.8 — =3 ]
25x107F © ) n ]
2.0 X107} 1
— m=2 ]
< 15Xx107f y=05 ]
b0=1 ]
7L ]
10 x107F | 4 :
50 x108F Co=1 ]
C1=1 )
O [ - 1 PO TR I TR T SN T N 'Y 11 l_:
0 1 3 4 7
T

T

1.2 X 10'0F

10 x10'°Ff

T

8.0 x10°}
6.0 x10°}

T

4.0 x10°F
2.0 x10°%}

1.2 x10°%F
1.0 x10°}
80 X108}

T

6.0 X108

T

40 %108
2.0 x 108}

20 x10™

15 x 10"

1.0 x10™

50 x 10"

T

— n=4

Figure 2 Numerical solutions of Eq. (17) are shown with different y and v orders. In the top panel, x and v are taken to be
between 0 and 1, in the middle panel we consider 1 < y < 2 and 0 < v < 1, and finally in the bottom panel, 1 < u,v < 2 are
considered. The number of iterations is taken to be n = 3 and n = 4 in the left and right columns, respectively.
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