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In this work, we propose a numerical approach for simulations of large deformations of
interfaces in a level set framework. To obtain a fast and viable numerical solution in both
time and space, temporal discretization is based on the composition of one-step methods
exhibiting higher orders and stability, especially in the case of stiff problems with strongly
oscillatory solutions. Numerical results are provided in the case of ordinary and partial
differential equations to show the main features and demonstrate the performance of the
method. Convergence properties and efficiency in terms of computational cost are also

investigated.



I INTRODUCTION

I. INTRODUCTION

We are interested in numerical solutions of strongly coupled systems of PDEs involving highly
nonlinear membrane forces, see e.g.l’z. For such problems with high nonlinearities, fine meshes
and spatial discretizations by high-order finite elements are required3. Therefore, numerical time
integrations with higher orders are also necessary to allow viable numerical approximations. In
this preliminary work, we present the formalism in the case of the level set problem, where we

seek to produce solutions with a higher-order time approximations.

Different temporal integration techniques with high order approximations exist to study dynam-
ical systems. Popular numerical methods are those associated with discrete flow, where solutions
are sought over discrete times using a numerical flow Compositi0n4. Fixed or adapted time steps
were used. In the existing literature, several studies on continuous flows have investigated the
Borel-Padé-Laplace integrator for stiff and non-stiff problems. See, for example,5 0 Indeed, an in-
tegrator calculates an approximation over a continuous time interval and has the ability to increase

the order of approximation as much as necessary by changing a single parameter in the integrator’ .

To allow computational savings and improve precision while maintaining numerical accuracy,
adaptive time-stepping strategies are commonly employed where the level of adaptability may

8 Or On some error estimates"”5 . How-

depend on the rate of change between consecutive solutions
ever, the computational efficiency depends on the order of the scheme and how the error estimate is
computed. Hence the need for high-order discrete flow to improve numerical efficiency, especially
for stiff problems. For a given numerical approximation, the convergence depends on the error
in time and in space. Although the adaptive meshing techniques allow a better precision of the
numerical solution, the global error estimate will be limited by the order of the numerical scheme

in time. Thus, it is important to increase the order of approximation in time to allow high-order of

precision.

One can distinguish one-step and multi-step methods based on the number of previous numeri-
cal solutions used in the temporal discretization of differential equation. For a detailed discussion
of the classical theory of multi-step methods as well as the properties of order, convergence, sta-
bility and symmetry, we refer the reader to>10, Among the most used schemes for stiff problems
with oscillatory terms, we can mention the implicit linear multi-step methods based on the back-
ward difference formulas (BDF) presenting a stability limited to lower orders''™'*. Indeed, only

first-order (implicit Euler) and second-order schemes are stable. The BDF schemes of order 3
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A Level set problem II MATHEMATICAL FORMULATION

to 6 exhibit a weaker stability property, called A-stability, and formulas of order greater than 6
are unstable. A generalization of BDF using a second derivative allows to obtain implicitly sta-
ble schemes up to the order 10, see e.g.5 . Runge-Kutta methods, referred to as RK, are one-step
schemes!. To cope with the lack of A stability of explicit RK methods, which are not suitable for
solving stiff equations, implicit and stable RK methods are also developed. We refer the reader
to>? for a note on A-stability and the Gauss, Radau IIA and Lobatto IITA, IIIB and ITIIC schemes.
Composition methods have emerged in the literature, with several variants, as a powerful numer-
ical tool based on the composition of lower-order basic time-integration methods with the aim of
increasing the order of approximation.

The aim of this work is to provide a higher-order approximation of the level set solution. Vari-
ous higher-order finite element approximations are used and allow to increase the spatial precision.
Since the error in time takes over in case of low-order schemes, composition methods are applied
on simple and low-order discrete flows to increase the order of approximation in time, while keep-
ing a reasonable computational cost. Numerical examples are presented to validate and show the
main characteristics of the method in the cases of the Lotka-Volterra differential system and the
level set advection problem. This paper is organized as follows. Section 1 presents the preliminary
concepts and mathematical setting. In Section 2, we present the composition methods for the im-
plicit first-order accurate backward Euler and second-order accurate Heun’s method. In Section 3,

we provide an assessment of the composition technique through numerical examples.

II. MATHEMATICAL FORMULATION
A. Level set problem

Let T > 0 and d = 2 be respectively the simulation period and the spatial dimension. For any
time ¢ € (0,7), the interface is denoted by I'(z). Its deformations are described implicitly as the
iso-value zero of a level set function ¢. The interface is assumed smooth enough and is enclosed

in a larger domain A so that
I(t)={(t,z) € (0,T) xA: @(t,x) =0}.
Given a velocity field u, the evolution of the level set function satisfies the advection equation:

d9+u-Vo=0, in(0,T)xA. (1)
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B Time integration by composition method I MATHEMATICAL FORMULATION

Appropriate initial and boundary conditions are considered: ¢ = ¢, on (0,7) x £_ and ¢(0) = ¢y
in A, where X_ = {& € dA: u-v(x) < 0} is the inflow boundary and v denotes the unit normal

exterior vector to A. For an initial internal domain €, ¢ is initialized as a signed distance function

to I'(r = 0) so that |V ¢y| = 1:

inf{|y —x|;y € dQ}, if x ¢ Qo,

Po(z) =
—inf{|ly —x|;y € dQ}, if not.

However, the signed distance property is not preserved when solving (1), thus leading to numerical
instabilities if the gradient of the level set function becomes either very small, or very large, in
particular in the vicinity of the interface or on OA'®? . To restore the signed distance property, an
auxiliary redistancing problem, is commonly solved while maintaining the zero-level set position
to avoid the loss of mass characterizing Eulerian methods. Higher-order methods and the use of
fine meshes in the vicinity of the interface can help enforcing the local mass conservation, see for

example3’17’ 18,

B. Time integration by composition method

Let y(¢) be the solution of the following initial value problem:
y =f(t,y(t)), forallt € R, with the initial condition y(0) = yo. (2)
For ¢ > 0, the exact flow of (2) is defined by the map %} as follows:

‘R—>R

: 3)
yo — Z(yo) = y(t).

t

For any given numerical scheme of order p, we can associate a numerical flow, denoted CDE], such
that a sequence of numerical values y, is constructed on a discrete set of points " = nAt as the
approximations of the solution at time t": y,, | = (IJE} (yn) We say that the numerical flow is of

order p if the following equality holds:
i (y0) — By (v0) = O(Ar" ™).

The superscript [p] in @DE] refers to the order p of the numerical flow. As stated in'® (Theorem 4.1,

page 43), we can increase the order of the approximation using a s times composition of the same

4



B Time integration by composition method I MATHEMATICAL FORMULATION

2

numerical flow @, . The resulting discrete flow @Lpf” L <D[ ] .0 CDC[IIZ ]At is at least or

a At

order p+ 1 if the conditions hold:

p+1

a+ar+--+ag=1 and T4 4 et =0 4)

There are no real solutions for system (4) when p is odd. However, if p is even, the smallest
composition that increase the order by 1 is when s = 3. This composition is called the the triple
jump, see!” (page 44, section I1.4). One can also continue to increase the order of construction

of the discrete flow by continuing to compose discrete flows, see!”

. However, a problem for
compositions with real coefficients comes from negative coefficients which result in a negative
time step. Castella et al. consider solutions for the system with complex coefficients in the case of
parabolic equationszo. In the following, we will use the composition technique in the case s = 2.

Let us consider any discrete flow dbkz} of order p and introduce the following composition:
21y,

olP 1 — Pl o Pl We recall a useful theorem which states that (see e.g.
At a[zp]At a%p]At

Theorem 1 Ler us consider a differential system of type (2) and any numerical flow ®, p ] of order

p-1If
20+1
sin(| ——7 p p ifpi
1 ( 1) —=—<I<=-1 if p is even,
DN I pt L with Pl _ 2 p-i ®)
2 21—|—cos 21—1—17r — <I< if p is odd.
p+1 2

then the approximation defined by the real part of the output, denoted by Re(.) and obtained by

the composition of flow, is an approximation of the solution of order p+1, i.e.:

Y (o) —Re ((D[’[”J]

: Aloq:” (yo)) 0 (AP*?). (6)

First, we consider the numerical flow ®PF! of the backward Euler scheme which is of order

one. We define the two time composition as follows:

Dy = @BEL Xt @)
t a; At
— 1
Here, the coefficients alm are given by formula (5) for [ = 0: a[ll} = a[zu = 3 + % Hence, the

approximation given by the real part of the output obtained by the composition (7) is an approxi-

mation of the solution of order 2, i.e.:
Pau(v0) — Re (@52(y0) ) = 0 (ar%).
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III NUMERICAL APPROXIMATION

Thus, the double composition of the discrete scheme BE1 of order 1 gives a scheme of order 2.
Second, we consider a numerical flow of order 2 associated to the Heun’s method CDHM !
(second-order RK):
pi(v0) — Py (v0) = O (AF)

thus the composition method: & HM2 QDH%YIAII o <15HMA1 with 6a[l - 6a[2] =3+iv3 leads to a
a

numerical flow of order 3 and we have:
iy (o) —Re (@5 (30) ) = O (r*)..

We can continue increasing the order of the approximation by constructing new numerical
flows using the above composition technique. This was thoroughly analysed in?' and pre-
sented with a comprehensive study. In addition, it is demonstrated that the numerical flow
1 o P P 2
~Re| @V ol 4+ ol
2 ( a[lp] At a[zp] At [P] At [P]
with permuted coefficients, the 1mag1nary parts are conjugated and are therefore canceled by the

) is of order p 4+ 2. When composing two discrete flows

summation, resulting in only a real part.

Remark that the A-stability of the resulting composition scheme is not studied here but we
refer the interested reader to the reference®’. Roughly speaking, the stability function S (z)
of the resulting composition scheme is the product of two functions: S.(z) = S(azz)S(a1z),
where S(z) represents the stability function of the initial diagram. Therefore, the region of sta-
bility, defined by {z € C, such that |S,(z)| < 1}, can be represented as the following intersection:
{z€ C: |S(axz)| <1} N{z€ C: |S(a1z)| < 1}. Note that each set in this intersection has a wider

region than the original scheme with a slight translation in the complex plane.

III. NUMERICAL APPROXIMATION

a. Space discretization by finite elements. Let .7}, be a partition of A consisting of ge-
ometrically conforming open simplicial elements K (triangles for d = 2), such that A = Ugc F,-
Lagrange finite element polynomials are considered for the space discretization of the level set

function on a mesh of size h = ma%( diam(K). Let us denote by ¢, an approximation of ¢, while
Keg,

{l//h € C (A) : Vhik € PX,VK € ﬂh} with K > 1 represents the finite dimensional space of
admissible level set. The Galerkin scheme associated with (1) consists in finding ¢, € X, such

that ¢y (¢, ) Z yi(t) Whi(x), for a certain finite element basis.

A semi discrete equatlon is then obtained by multiplying by a test function and integrating aver
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III NUMERICAL APPROXIMATION

A. We employ the Stabilization Upwind Petrov Galerkin, referred to as SUPG?, method where
the SUPG test function is defined as v, ; = Wj,; + Tk u - V¥, ; in order to add a diffusion in the
streamline direction. We set a streamline diffusion parameter proportional to the local mesh size

so that
B Chy
N max{|u|o7w7K,tol/hK}’

(7:¢

where C represents a scaling constant and the term tol /hg avoids the division by zero. The semi-

discrete system arising from the discretization with finite elements writes:
M)y’ +K(@t)y =0, with  y=(y,....5,...)". (®)

Here, M(z) is the stabilized mass matrix, while K(¢) represents the transport matrix, both time-
dependent; y is the unknown degrees of freedom for the level set field. In the sequel, we omit the

subscript s referring to the spatial approximation to alleviate the notations.

b. Time advancing scheme. Let us divide [0,T] into N subintervals [¢",#""!] of constant
time step Ar withn =0,...,N — 1. For n > 0, the unknown ¢} approximates ¢ at ¢". Considering
the differential system (8) and for given degrees of freedom, y" represents the vector field which
approaches ¢ at time #". To increase the accuracy in time, we focus on composition methods for
certain numerical methods: the backward Euler and Heun’s methods, because of their simplicity
and accuracy, designated respectively by the acronyms BE and HM.

On the one hand, we approximate the solution at time ¢ using the backward Euler scheme as

Error |le||at * Error ||e||at
slope 1
1074 ] 1074 r ]
slope 2
10-8 - slope 2 i 10-8 F N
slope 3
10-12 + i 10-12 b |
0 slope 3 0
‘ ‘ slopeA ‘
107¢ 1074 1072 1 1074 1072 1
At At

FIG. 1: Error versus the time step size for the composition of backward Euler scheme (left) and

Heun’s scheme (right).



IV NUMERICAL EXAMPLES

FIG. 2: Numerical solution of Lotka-Volterra equations for the first five periods obtained with the

BE4 scheme.

follows:

qutEl (ynfl) — yn — <M(tn) +AtK([n)) M(tnfl)ynfl'

On the other hand, we use the one-step Heun’s method as stated by the following numerical flow:

PHMI (1) g (I— % ( V(™)) K (1) 4+ M) K (1) <I ~ A M) TTK (z"—1)> ))y"—‘.

IV. NUMERICAL EXAMPLES
A. Example 1: Validation in the case of Lotka—Volterra equations

We apply the above numerical flow compositions to the Lotka-Volterra system of first order
nonlinear differential equations describing the evolution over time of two species: predators and
prey. Dynamically speaking, if we assume that predators and prey are not connected, then the
number u of prey increases exponentially, with a factor «, and v for predators decreases exponen-
tially, with a factor 8. The Lotka-Volterra system describes the predator-prey interactions, when

connected, as follows:

(1) =B u)v()

au
,  with initial conditions  u(0) = ug, v(0) = vp.
V()= =8 v(t) + yu(t)v(t)

Here, B represents the rate of prey mortality by predators and ¥ is the growth rate of predators while

eating prey. We present in Fig. 2 the evolution of the numerical solution of the Cauchy problem
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2 4
(u(0) = 2,v(0) = 1) in the interval [0,55] with @ = 0 = 3 B = 3 and Yy = 1. This problem
has an invariant prime integral F;, which is therefore identified using the initial conditions, i.e.

F (u(t),v(t)) = F(uo,vo), for any time 7 > 0. The invariant is given by:

Fy (u(t),v(t)) = Bv(t) + yu(t) — aclog(v(r)) — Slog(u(t)).

To study the convergence properties of the numerical strategy, we calculate the error between
the approximate invariant and the reference invariant at the initial time Fyf(ut0,vo). The error

quantification corresponds to the time evolution of the quantity F;(u(z),v(¢)) given by:

2\ /2 (M)
leal] = Yoo 1 | Foret(uo, vo) — F(u(t"),v(e"))| ind ROC—log]O Teni 1]
Al — N, ’FO f(uo VO)|2 = 1 v .
=117 0 ’ 0810 \ AT

The parameter ROC represents the convergence rates necessary to set a computational effort to

)

establish a certain precision, in which At is the time step in a given time discretization level /. To
investigate the accuracy of different composition methods, we run a series of simulations using the
methods of Backward Euler and Heun and their recursive composition for several time steps. The
table (I) and the figure 1 report the errors (9) over a complete period for different compositions
of numerical flows. The estimated convergence orders are reported in the ROC column, showing
that we retrieve the expected theoretical convergence orders of the basic schemes. Moreover, the
increase in order by double composition of flows is clearly depicted.

Thereafter, we study the computational efficiency by evaluating the CPU times for different
time steps and composition methods. Thus, a correlation can be established between the error
sought by the user and the CPU time that the numerical flow needs to carry out the simulation,
for the two discrete schemes BE and HM and their compositions. Results in Fig. 3 show that the
resulting composition scheme allows the user to produce numerical results with a lower computa-
tional time than the original scheme, while keeping the same precision. This has been observed for
different composition levels, for a given original basic scheme (Heun or Backward Euler method).
Note that we do not compare in this work such compositions with other schemes having the same

convergence orders.

B. Example 2: Level set problem by composition methods

In this example, the aforementioned composition of one-step time integration schemes is used

for simulations of largely deformable interfaces in a level set framework. The numerical compu-
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At eBEIL ROC  ePF2 ROC 3 ROC M ROC e HMA  ROC M4 ROC

4.17E-1 4.125 —— 2.148BE-1 —— 3.899E-3 —— 2.051E-1 —— 6.650E-3 —— 2.888E-4 ——

2.04E-1 1.022 1.955 5.231E-2 1.979 3.761E-4 3.277 4.476E-2 2.132 6.021E-4 3.365 1.809E-5 3.881
1.01E-1 4.156E-1 1.279 1.270E-2 2.013 4.002E-5 3.186 1.046E-2 2.067 6.338E-5 3.201 1.129E-6 3.945
5.03E-2 1.899E-1 1.122 3.113E-3 2.013 4.595E-6 3.100 2.527E-3 2.034 7.253E-6 3.105 7.056E-8 3.971
2.51E-2 9.101E-2 1.057 7.698E-4 2.008 5.503E-7 3.051 6.211E-4 2.017 8.667E-7 3.054 4.412E-9 3.985
1.25E-2 4.457E-2 1.028 1.914E-4 2.005 6.733E-8 3.025 1.540E-4 2.009 1.059E-7 3.027 2.758E-10 3.992
6.25E-3 2.206E-2 1.014 4.770E-5 2.002 8.328E-9 3.013 3.833E-5 2.004 1.309E-8 3.014 1.725E-11 3.996
3.13E-3  1.097E- 1.007 1.191E-5 2.001 1.035E-9 3.006 9.561E-6 2.002 1.627E-9 3.007 1.084E-12 3.999
1.56E-3 5.473E-3 1.003 2.975E-6 2.001 1.291E-10 3.003 2.388E-6 2.001 2.027E-10 3.003 6.774E-14 3.999
7.81E-4 2.7733E-3 1.002 7.434E-7 2.000 1.612E-11 3.001 5.966E-7 2.001 2.531E-11 3.002 1.385E-14 ——
391E-4 1.36E-3 1.001 1.858E-7 2.000 2.013E-12 3.002 1.491E-7 2.000 3.156E-12 3.003 2.510E-14 ——
1.95E-4 6.827E-4 1.000 4.645E-8 2.000 2.231E-13 3.173 3.727E-8 2.000 3.710E-13 3.088 5.621E-14 ——
9.73E-5 3.400E-4 1.000 1.152E-8 2.000 6.210E-14 1.835 9.245E-09 2.000 4.395E-14 3.060 8.845E-15 ——

Order of convergence 1 —— 2 —— 3 —— 2 — 3 — 4

TABLE I: Time convergence history for different time integration composition methods.

tations are performed using the open-source software FEniCSx>*. We first consider a reversible
vortex test case and evaluate the properties of convergence with respect to the temporal discretiza-
tion. The computational domain is A = [0, 1]>. An initially circular interface of radius R = 0.15 is
centered at (0.7,0.7) and is periodically stretched into thin filaments by a vortex flow field. The
interface unrolls and reaches its maximum deformations at t = 7'/2, before resuming its circular

shape at time 7 = 4. The advection velocity is given by:
u(t,z) = (—2sin(zx)? sin(my) cos(my) cos(mt /T, 2sin(my)? sin(7x) cos(7mx) cos(mt /T)) ! ., witha = (x,y)" ¢

Some snapshots showing the interface deformations are reported in Fig. 4. We investigate

the order of accuracy with respect to the time discretization using a relatively simple composition
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FIG. 4: (Left) Snapshots showing interface deformations atz € {0,0.6,1,2,2.6,3.4,3.8,4}, for

013 o8 |

h=10"2 (Right) Convergence history for various time steps and time composition schemes.

method. Let 7, be the Lagrange interpolation operator. We compute the errors in the L? (A) norm
for different time step sizes with respect to an exact reference solution 7, ¢ at time t = T after one
deformation period. The convergence of the composition technique is assessed using the implicit
backward Euler scheme, as well as two- and four-time backward Euler compositions, respectively
called PBF? and PBF4. Fig 4 (right) reports the convergence of the computed errors versus the
time discretization, showing in particular an increase in the order of convergence by composition
of discrete flows.

Finally, we assess the robustness of our level set solver in the case of the standard Zalesak’s
rotating disk test, using a one-time composition of the backward Euler scheme. We consider
25 where the slotted disk recovers the initial position after a period

the same setting presented in
T =4. We choose Ar = 1073 and i = 10~ 2. A few snapshots of the rotating disk are shown in Fig

11
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5, showing good preservation of the sharp angles.

Y9

@y —
s |© | @

FIG. 5: Zalesak’s rotating disk. Snapshots showing interface deformations at

t€{0,0.6,1,2,2.6,3.4,3.8,4}.

V. CONCLUSION

We have presented an application of numerical methods of flow composition to the simulation
of the level set problem in order to increase the accuracy of the solution and to capture the dynam-
ics of stiff problems. A validation is presented in the case of Lotka-Volterra differential equations.
By using simple and lower-order numerical schemes, we have shown numerically that composition
techniques allow to increase the accuracy of the approximation while presenting a lower compu-
tational cost. This is part of an ongoing work on modeling the dynamics of highly-deformable

26-28

biomembranes , where temporal integration schemes with high orders are required. It is also

planned to implement the method for fluid-structure interaction problems with large structural

deformations”.
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