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ARTICLE INFO ABSTRACT

Ke}{WDTdSI ) ) We present a numerical methodology based on the use of the Newton and level set meth-
Fluid-structure interaction ods and tailored for the simulation of incompressible immiscible two-fluid flows with
Hyperelastic membrane moving hyperelastic membrane. The method features the use of implicit time integration
Incompressible flow . . . ..

schemes and is based on a consistent Newton-Raphson linearization. The performances

Newton . . ;
Monolithic are enhanced by using the Kou's method (Kou et al., 2006) which features a third-order
Finite element method convergence behavior without requiring higher order derivatives. To overcome numerical

instability issues related to the explicit decoupling, a fully monolithic strategy and a par-
titioned implicit strategy are devised. We investigate the main features of the proposed
strategies, and we report several numerical experiments with the aim of illustrating their
robustness and accuracy. We show numerically that the monolithic strategy performs bet-
ter and remains stable when considering relatively small viscosities or large stiffness, for
which the partitioned approach depicts a slow convergence or even fails to converge. How-
ever, the partitioned strategy features significant computational savings when it converges
within a reasonable number of sub-iterations.

© 2018 Elsevier Inc. All rights reserved.

1. Introduction

This computational framework is concerned with the modeling of thin elastic structures immersed in incompressible
Newtonian flows. The coupled dynamics of fluids and lightweight elastic membranes with small thickness compared to
the membrane dimensions is of significant interest in many real life phenomena and industrial applications, including
amongst which biomedicine, aeronautics and structural engineering. In recent years, this problem has generated a lot of
interest from different scientific communities, and researches have covered the fields of theoretical biology [2], mechan-
ics [3], physics [4,5], biomedical engineering [6] and applied mathematics [7].

Among a broad spectrum, let us first list two applications we have in mind for this kind of problems. (i) A cardiovas-
cular application is the dynamics of the aortic valve at the exit of the left ventricle. It is composed of three leaflets that
undergo fast movement and large deformations during the opening and closing phases, allowing thereby the correct blood
ejection and preventing regurgitation [8]. Typically, the leaflets thickness is very small (about 0.5 mm) compared to the
dimensions of the valve (height ~18 mm and aorta diameter ~26 mm) [9,10]. (ii) A second target application is the dy-
namics of biomembranes such as red blood cells (RBCs) and capsules. A RBC has approximately the dimension 8 x 2pum
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and consists of thin lipid bilayer lacking nucleus and organelles with 4/5 nm-thickness juxtaposing a filamentous mesh-
work of proteins called cytoskeleton of about 60/80 nm-thickness and enclosing a hemoglobin fluid [5,7,11,12]. The RBC’s
membrane can be considered as a two-dimensional structure suspended in blood and endowed with hyperelastic proper-
ties. Unlike RBCs, capsules are deformable phospholipid membranes with a small resistance to stretching. They are found
in nature or are synthesized e.g. for cosmetic, industrial, biomedical and pharmaceutical applications on grounds of their
mechanical properties and simple structures. In biomedical applications, they are manufactured to allow drug delivery in
the body. When suspended in flow, RBCs and capsules are exposed to viscous stresses that can lead to large deformations
of the membrane. It is fundamental to model their mechanical properties, as they enable to establish the resistance of the
membrane to the applied stresses.

A fluid-structure interaction problem involving a thick structure requires the simultaneous solution of the fluid and struc-
ture problems in such a way that the coupling is achieved by enforcing the kinematic conditions describing the continuity of
the velocity and the dynamic conditions describing the balance of stresses at the interface. Further difficulties are encoun-
tered when extremely thin structures (membranes) are involved. Throughout the literature, the existing methods can be
classified based on the framework used to represent the structure in the fluid domain and how the coupling is performed.
The most popular approaches are the Arbitrary Lagrangian Eulerian (ALE) methods and the Immersed Boundary Methods
(IBM) [13]. (i) The standard ALE approaches consist in the employment of a body-fitted moving mesh that follows the struc-
tural deformations. The fluid and structural meshes remain contiguous, while the compatibility conditions are applied at the
shared interface. Different Lagrangian and Eulerian representations are traditionally used for the solid and fluid problems, re-
spectively. ALE-type approaches have been successfully employed in problems with relatively small structural deformations.
Efficient and robust remeshing tools are required to maintain high quality mesh elements during the simulation, leading
thereby to a substantial computational burden. Major concerns are additionally related to the large structural deformations
and the multitude of interpolations between different frameworks. (ii) To address the remeshing issues, several approaches
have been developed using fixed grids such as the IBM extensively used in this context [14]. The driving idea is that a La-
grangian description is used for the elastic structure (nonconforming mesh), while keeping a separate Eulerian model for
the fluid [15-17]. A common domain is then occupied by both the fluid and structure, while additional forcing (i.e. body or
singular surface force) is applied to the fluid problem in the surrounding of the solid domain. Several IB-type approaches
have been devised, see e.g. [18-22], the finite difference method [23], the immersed finite element method [24], and the
fictitious domain method [25]. We further cite other available strategies using the finite element method [12,26,27] the
boundary-element method [5,28,29], and the extended finite element method [30]. The IB-type methods seem to be more
appropriate than ALE methods when dealing with large structural deformations. However, an appropriate formulation of
the solid mechanics and the coupling conditions is required, while the price to be paid is the loss of accuracy due to the
regularization procedure [20,31]. They also allow for semi-implicit time schemes at the price of a stability condition that
can be severe depending on the physical parameters of the problem [31,32].

The convergence and stability can be a big concern and relies importantly on the techniques used to enforce the coupling
conditions. We can distinguish between monolithic and partitioned approaches. (i) Monolithic approaches take into account
the coupling into a single system, which is solved using a single solver [33]. (ii) Partitioned approaches solve the two-
way fluid/solid coupled problem in a sequential manner. Hence, separate dedicated solvers involving different frameworks
for the fluid and solid are used, and the coupling is performed at the interface level. The advantage of this approach is its
modularity and the possibility of re-using standard solvers. (ii-1) Performing one or few iterations at each time step leads to
a loosely-coupled approach and an explicit decoupling scheme. That can exhibit numerical instabilities due to the artificial
added mass effect which results from the effect of an extra mass the fluid force exert on the structural interface degrees of
freedom [34]. The numerical difficulties are exacerbated for problems involving extremely slender and lightweight structures
in an incompressible fluid [35]. (ii-2) To circumvent instabilities inherent in loosely-coupled schemes, the strongly-coupled
approaches represent somewhat a remedy that requires an iterative process at each time level until the convergence is
achieved.

The central aim of the present paper is to present a stable computational framework to solve problems involving an
elastic membrane in an incompressible fluid. The membrane is tracked using a level set method. This Eulerian framework
allows a unified representation and a unique solver for the membrane and fluid. To address stability issues due to the time
step restrictions when using explicit methods, we present fully implicit strategies based on the use of an exact Newton
method. To improve the convergence properties, we consider a generalization to the multidimensional case of the Kou's
variant [1,36], which features a faster convergence behavior without computing higher order derivatives. To our knowledge,
such Newton variants have not been investigated for the present problem. We propose both a fully monolithic approach and
a strongly-coupled approach, and we investigate their stability properties and the corresponding computational costs.

We have arranged the remainder of the paper as follows. Section 2 presents the mathematical formulation of the prob-
lem. Section 3 focuses on the numerical method and describes in detail the fully monolithic and the strongly coupled
partitioned approaches. The two approaches use the cubically-convergent Kou’s method. In Section 4, we report several nu-
merical examples to illustrate the efficiency and the robustness of the proposed methods. We close with some comments
about the model limitations and forthcoming extensions in Section 5.
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current configuration

reference configuration

Fig. 1. Schematic representation of a thin elastic membrane in the reference and current configurations.

2. Mathematical formulation
2.1. Membrane elasticity and constitutive equations

Let T>0 be the period of the experiment. For any time te< (0, T), let ['(t) represent an elastic membrane. We use the
shorthand notation sym(T) =T + T to denote the symmetric part of any tensor T.

We focus on both deformation and motion of a thin elastic membrane under the effect of viscous fluid forces. To follow
the membrane deformations in an Eulerian manner, we need an elastic constitutive equation that expresses the membrane
stress tensor in the same current frame as the fluid problem. The mathematical formulation in the case of an elastic mem-
brane is different from that in the case of a thick elastic structure. We first briefly recall the fundamentals of the Gurtin-
Murdoch surface elasticity theory [37-39], required to elaborate the final model.

Let us consider a domain in two different configurations, see Fig. 1. At time t =0, the reference configuration
Qo c R4, d =2,3, has an elastic boundary I'g. The domain and membrane are represented by © and I' in the current
configuration at time t> 0, such that x = x(&,t) is the current position of a material particle having the position & in
and x: Qo — (0, T) x 2 is a smooth one-to-one deformation map. Let V. be the material gradient, whereas V and div stand
for the gradient and divergence operators with respect to spatial coordinates. We denote by NE and n the outward point-
ing normals on the membrane in the reference and current configurations, respectively. Let the symbol ® denote the outer
product and I be the identity tensor. The surface projectors: mg =1 — Ng ® N¢ and - =1 — n ® n project any vector or ten-
sor onto the tangent planes to I'y and I'(t), respectively. Therefore, the surface gradient Vs = - V and surface divergence
divy = tr(Vs) operators are defined in the current configuration. The deformation gradient tensor F represents the Jacobian

matrix of the deformation mapping and reads F =V X = Vf;_l using Lagrangian and Eulerian descriptions, respectively, as
a consequence of the relation y~1(x(&.t)) = &. Let u(x, t)=d,x be the spatial velocity. The deformation gradient tensor and
the inverse deformation map x~! (backward characteristics) verify:

oF+u-VF=VuF and 0£+u-VE=0 (2.1)

allowing consequently a fully Eulerian description of the motion of thick structures, see e.g. [27]. At the numerical level, the
advection of x~! is not always a good choice for the Eulerian description. Indeed, several problems may arise in the case of
large deformations when det(V§&) locally vanishes, see [27].

To introduce the elasticity of an extremely thin membrane in an Eulerian framework, we first express the elasticity
problem in terms of the surface deformation gradient such that we lack all out-of-plane strain components. To track the
positions of material points on the membrane, we introduce the surface deformation gradient Fs = Véxlr which writes
Fs = mr-Frrg [38]. Note that n.Fs = 0 (two-dimensionality assumption) and Fs.N = 0 which means that the tensor F; is rank
deficient with a zero eigenvalue corresponding to the eigenvector N. Indeed, the tensor Fs has the same dimension as F but
only describes the in-plane deformations in the tangential space. The left Cauchy-Green surface strain tensor Bs and the
stretch tensor A are introduced such that Bs; = A% = FSFST = erﬁsyrp with ﬁs = FnEFT.

The eigenvalues A, and A, of A correspond, respectively, to the eigenvectors e; and e, defining the local tangent plane
to the membrane. They represent the principal extension ratios of the membrane and allow the quantification of the defor-
mations in terms of both stretch and shear. It is convenient to introduce the surface strain invariants:

T = In(AAy) = %(m ((trBy)* — trBZ) — In 2) and I3 = %()\f +A3-2) = %trBs -1

The ratio of the deformed to the undeformed surface area J; = A1A, = exp(Z3) represents the change in the local membrane
area. The strain energy refers to the energy stored in the deformed structure. Analogously to the bulk case, the mechan-
ical response of a hyperelastic membrane is described by a scalar stored energy that depends on the surface deformation
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Fig. 2. Sketch for the thin elastic membrane and its surrounding fluid domain.

tensor F;. That means that the stored energy density W is solely expressed with respect to the invariants of Fs. Under the
transversely isotropic assumption of a very thin sheet, we suppose that the membrane obeys a Neo-Hookean constitutive
law [38]. The surface strain energy is defined as follows:

1
(M)’

where E; is the membrane elastic modulus. Remark that the surface strain energy W is symmetric with respect to A; and
A,. Analogously to the bulk case, the surface Cauchy-Green stress s can be expressed with respect to the first surface Piola
Kirchhoff stress tensor. Since the surface deformation gradient is rank deficient, we introduce the inverse surface deforma-
tion gradient via the relation: F, = Vé |I~0. That leads to the relations FsF; = - and FFs = . The derivatives of the surface
invariants with respect to the surface deformation gradient F; read:

W(Es) = W(ZS. T5) = %(k% i —3> - %(21; +exp (—2Z5) — 1),

aI{ T 315
9F, = F, and 9F, — F;.
Accordingly, the membrane Cauchy-stress tensor is given by:
19w B = OW OT; oy 1 I AW
—\| 5= —B B; — 213
» 7 BFS Z 9Ty 3Fs ~ exp () \ 0%y e 0zs 3J( s exp (- 1)7tr)

To derive the equations governing the membrane deformation in a surrounding fluid, we shall write the balance of elastic
and hydrodynamic forces in an infinitesimal section on I'. In addition, we assume that the membrane follows the move-
ment of the fluid on both sides with the same velocity. Therefore, the resulting elastic force F- = divs g describes the
discontinuity of the normal fluid stress tensor across the membrane I.

If the mechanics is restricted to the stretching [22,23], the elastic force can readily be deduced from the previous equa-
tion. In that case, the stored energy function W = W(Js) leads to the following expression of the elastic force:

Fr = dive (W (exp (Z)7r) = VW (exp (Z5)) — W (exp (Z5))Hn, (22)

where H = div;n denotes the mean curvature defined along the membrane I'. The previous expression of the membrane
force corresponds to the same expression obtained in by Lai et al. in [22].

Finally, an Eulerian description of the motion has to recover the deformation history everywhere on the membrane. That
may be, for instance, described by the advection of Fs. Analogously to the bulk case involving thick structures in [27], we
choose to rather advect the surface tensor Bs and formulate the problem in terms of B;. It follows from the advection of the
projector tensor and the aforementioned advection equation of F and its transpose F' (2.1) that

3:B; +u- VB, = sym(VuB;).

Henceforth, the domain 2 stands for the entire computational domain enclosing the incompressible fluid and the mem-
brane in the current configuration, see Fig. 2. For any time te (0, T), let ;,,(t) C RY with d = 2,3 denote the internal and
external domains, respectively. We assume a Lipschitz continuous membrane I'(t) = d€2;(t) such that I'(t) N 92 = ¢, Vte (0,
T). Here and throughout, the explicit dependence of €2;, €2, and I" from ¢ will be understood.

2.2. Level set formulation

We use an Eulerian framework and we implicitly capture the membrane using the level set method, which identifies I"
as the zero level set of a function ¢. A time-dependant partial differential equation describes the motion of I':

dp+u-Vo=0, in(0,T)x Q. (2.3)
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Fig. 3. Schematic diagram of the elementary cell or control volume V; based on a dual mesh in the two-dimensional case. By is the barycenter of the
element K € ., while V; is centered at the vertex x;.

This problem is initialized with a signed distance function ¢q corresponding to the initial position of I'. All the geometrical
quantities on the membrane are encoded in terms of ¢ and are consequently extended to the entire domain 2. It is not
required to use meshes that follow the deformations of the membrane. A regularization approach is commonly introduced
using a regularization parameter ¢. Let us consider the parameter ¢ = |¢|/e. The Dirac measure dr needs to be smoothed
within a banded strip of width 2¢ to obtain a better continuity at the membrane. Following Griffith and Peskin [16], we
consider the following expression of the regularized Dirac function 8¢(-):

61 11 11 )

~5 0
336\/243+1584<p 74897 — 1560¢° + 500¢" +336¢° — 112¢° + 75 — ;50 — =@
+ 5@ i |p] <1
() =121 7T 5 T 1os 3.5 5_
6T 1? 8<p+ @ 2885((;7 1), if1<|@g| <2
9 23 3, 1 .
s Pt 9 - —2<p +588:(9-2), if2<1¢| <3
0, otherwise.

We consider the following expressions of the regularized Heaviside function /% and the regularized sign function S;:

0, ifo<-—¢

e () = 1(1+94Flsm(§f)), if |g| < & and  Se(¢) =2/(p) - 1.
2 e I &
1, otherwise

At the numerical level, the regularization parameter ¢ is set element-wise proportional to the local mesh size. Let us con-
sider a partition .%, of € consisting of geometrically conforming open simplicial elements K (triangles for d = 2 and tetra-
hedra for d = 3), such that 2 = U . Let hi stand for the average mesh-size of the mesh element K € .7,. Although almost

Ke 7,
regular meshes will be generated, we consider a general setting suitable for simulations with local mesh refinements. The
case that we have in mind for future work is the use of mesh adaptations to both improve the convergence properties of
the present method and accurately capture complex flow patterns in the aortic sinuses [40]. In practice, we set & = 3hg,
VK € 7. The local mesh size hy is evaluated for a general unstructured mesh as follows.

For ease of exposition, we only present the two-dimensional case. We compute hy using the assembled lumped-mass
matrix [41]. Each diagonal entry of this diagonal matrix represents the area of a control volume V; centered at the vertex x;
and joining the barycenters of the neighboring element to the edges’ mid-points as depicted in Fig. 3. Hence, hy is computed
with respect to the square root of this diagonal entries. In what follows, almost regular meshes are built and we consider a
global value of the mesh size h = maxg. 7, diam(K) in the convergence analyses.

For any generic function 7n(-) defined on T, let 7j(-) represent an extension of 7(-) to the domain €2 such that it’s
constant in the normal direction to the membrane. The surface integrals are transformed into integrals over the entire
domain €2 and approximated as follows:

/n(x) ds:[ Vol 6 7i(x) dm/ V| 5. (¢) i () d.
T Q Q

Due to the regularization procedure, the standard finite element approximation would result in a suboptimal convergence
behavior. We refer to Section 4.2.2 for a discussion about this issue. The signed distance property is lost after the advec-
tion of ¢, leading to problematic configurations with too large or too small values of |V¢| near the membrane which can



A. Laadhari/Applied Mathematics and Computation 333 (2018) 376-400 381

deteriorate the computational accuracy. We regularly solve a redistancing problem to reestablish the signed distance prop-
erty, while keeping invariant the iso-surface zero without any unphysical shifting [42,43]. To alleviate this difficulty, we use
a method that consists in incorporating a forcing term in the original redistancing problem in order to prevent the un-
physical shifting during the reinitialization process. The numerical method uses the method of characteristics, and we refer
to [44-46] for a detailed description and validation of the numerical method.

2.3. Statement of the nonlinear fluid-membrane interaction problem

We state the equations governing the deformations of the elastic thin structure and the coupling with the fluid dynamics.
We assume the fluid to be Newtonian, viscous and incompressible in both €2; and €2,. The flow is governed by the insta-
tionary Navier-Stokes equations. We consider piecewise constant fluid density p;, and dynamic viscosity L, in the inner
and outer domains, respectively. The regularized viscosity and density functions are given by (e (@) = 1 + (Lo — Ui) 5 (@)
and pe (¢) = p; + (0o — ;) (@), respectively. Let D(u) = sym(Vu)/2 and o = 2uu(@)D(u) — pl represent the rate of de-
formation tensor and the fluid Cauchy stress tensor for Newtonian fluids, respectively. Let [.]* design the jumps in velocity
and normal stress across the membrane. The interfacial conditions require a continuous velocity across the membrane. From
the differential balance of forces on an infinitesimal portion of the membrane, the hydrodynamic traction undergoes a dis-
continuity due to the membrane mechanics, and the stress discontinuity across I expresses in terms of the elastic force 7
as [af.n]t = —Fr. We also consider an external body force, referred to as g. Collecting the elements above, we obtain the
following fluid-structure interaction problem:

2: find the velocity u, pressure p, surface tensor Bs and level set function ¢ such that

oo +u-Vo =0, in(0,T) x L, (2.4a)
Pe (@) (Oru+u.Vu) —divQ2u (¢)Dm)) + Vp = p:(p)g in (0,T) x 2, (2.4b)
divu=0 1in (0,T) x 2, (2.4¢)
[ult =0 on (0, T) x T, (2.4d)
[om]f = —div;os on (0,T) x T, (2.4e)
9:Bs +u- VB, = sym(VuB;) in (0,T) x 2, (2.4f)

where suitable initial and boundary conditions are considered. The stress jump across I" leads to a singular elastic force lo-
calized on I'. In a variational manner, let v be a test function corresponding to the velocity u. Assuming a closed membrane,
the boundary integral term on JI" resulting from the Green transformation for surface integrals vanishes. From the sym-
metry and two-dimensionality assumptions of the elastic response, the force term involving the membrane tension tensor
reads:

. Vo +Varl Es .. Es A
div, o ‘v:—/a :Vv+fHa.n.v=—fa N —— " x =/—dwv——B cxr.Vumr.
ﬁ sUs . s s . (s ) . s r 2 r I‘3;753 S 3\755 T r

To solely express the invariants with respect to the tensor Bs, we show that:
tr(B;) =B; : 1=B;:r  and tr(B?) =B :1=B;:B; = BB, : mr = (Bor)? - L

By expressing the projector tensor x in the local basis (e, e;, n) associated to the tangent plane to the membrane at any
position on the membrane, we obtain tr(s) = - : I = 2. Therefore, the strain invariants can be expressed as:

js:\/;((mnrzl)h(ﬁsnr)zzl) and I3 =3(B-1) .

In the particular two-dimensional case, only one principal planar stretch exists in the tangent direction VAg@/[|Ve]. It
helps to describe the change on length between the reference and actual configuration. That results in J2 = tr(Bs) = B; :
ntr-. Therefore, the initial condition Bs(t = 0) = ggnp allows prescribing a uniform initial stretching along the membrane
Js(t = 0) = o.
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Let X_ ={xc dQ:u-v(x) <0} be the upstream boundary. Before stating an appropriate weak formulation, we introduce
the following function spaces:

V(uy) = {ve (Hl(Q))d :v=u, on ED}, Q= {q e () :/ qdx = 0},
Q
W={tel(@Q)™:7=1"}, and X(@,)={Y cW'*Q)NH(Q): ¥ =g, on X_}.

In what follows, we only describe the numerical methodology in the general three-dimensional case.

3. Numerical strategy

In this section, we present two implicit strategies to solve the aforementioned problem. To devise an implicit scheme, the
partitioned Strategy I uses a sub-iteration approach yielding a strongly-coupled strategy. Strategy II is fully monolithic and
the coupled system is solved simultaneously in a block-wise manner. The numerical resolution uses a third-order convergent
Newton variant without the evaluation of higher-order derivatives.

3.1. Strategy I: partitioned strongly-coupled time scheme formulation

For ease of exposition, we first describe a semi-implicit scheme and the corresponding variational formulation. Thereafter,
Strategy I is presented and is based on an iteration procedure.

3.1.1. Time advancing scheme
Let us divide [0, T] into N subintervals [t", t"*1), n=0,...,N — 1 of constant size At. For any n> 1, the unknowns u", p",

B'; and ¢" are computed iteratively at time " using values at previous time steps. The notation x{. stands for the discretized
surface projector tensor I —n" @ n" at time t". Accordingly, we introduce the discretized surface operators divf(-) = T
V() and V() =nal V() at t". We consider the backward differentiation scheme of second order in (2.4b)-(2.4f). The
scheme is bootstrapped by u~! = u®, where u~! only represents a convenient notation, and analogously for Bs and ¢. The
time derivative terms of u and B, are approximated by:

du 3w —dw'iw? 0B 3By 4By 4By

at 2At at 2At
Regarding the discretization of the material derivative in (2.4a), we use a second order combined characteristic and finite
difference discretization method [47]. Let X(-, X, t) be the characteristic curve passing at time t through x< <2, and @1 = 2u" —
u™1 be the second order extrapolation of the velocity. The first and second-order characteristics are given by: X,(,IE x) =

x — Atii(x) and Xff_)z (x) = x — 2Atii(x), respectively. The material derivative is approximated by:
EAGROE 4 (tn1, XD @) + @ (t"2, X7, (x))
T=tn 2At

First, let us introduce the following semi-implicit approximation in time of the problem 22: find (u", p", B'g, o") € V(up) x
Q x W x X(¢"1) such that

[ 3t —4un! 4 un? ~ )
/Qpa(al” 1)( AT +u”-Vu”) -v+/92u5((p" "YD@") : D(v)

0
3= (P x.0). )|

Es 1 1 1\ gs,n—1
-3 QW‘V(p” |8¢ (@™ ) divy ™' v
+% Lnﬁ’;:n’f:ler'}*1|V<p”*1|8€(<p”*1)—/ p“divv:/ pe(¢" g v, (3.1a)
Q Js Q Q
/ q divu" =0, (3.1b)
Q

Bn _ apn-1 , pn-2 R R
f 3B; 4]235At +B: r+f (u*-VBY): 7 —/ sym(Vu"Bl) : T =0, (3.1¢)
Q Q Q

/93<p“¢ = /94(/)"’1 XV — 2o x, vy, (3.1d)

for all v e V(0), g € Q, T € W and ¢ € X(0). Indeed, we first solve at each time step the fluid problem given the membrane
position. The membrane is advected subsequently according to the state of the fluid. That is achieved through the transport
of the level set function with the fluid velocity solution using the characteristics method. Given the membrane position (i.e.
the level set solution after redistancing), we denote by x = (u, p, Bs) the global vector of unknowns, while % (x) represents
the global residual vector corresponding to the system (3.1a)-(3.1c).
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3.1.2. Consistent linearization and Newton-Raphson method

We first recall the standard Newton method. Assuming that a given functional F(x(.)) is Fréchet differentiable, let
DF(x)[8x] denote the Fréchet derivative of F at x along the direction §x. Given the solutions at time t"~1, we iteratively
compute xj at t", and the Newton-Raphson method reduces the system (3.1a)-(3.1c) into a sequence of linear sub-problems
as follows:

compute i, = Xi+38x; suchthat (Dz(xp)[6xi] &)=—(2(x}) &) V&

Thereafter, we introduce a generalization to the multidimensional case of the Kou’s method [1]. It represents an im-
provement of the Weerakoon-Fernando method [48] and features an efficiency index (defined as the convergence order per
residual or Jacobian evaluation) of +/3; that is higher than the efficiency index +~/2 of the standard Newton method, see [1].
The Kou’s method features a third-order convergence behavior and requires two evaluations of the residual and one assem-
bly and factorization of the Jacobian matrix. The utility of this method was proved in [1] in the case of zero-dimensional
examples, where comparisons with other cubically convergent methods are also provided.

The choice of this method among other cubically convergent methods (in particular with respect to the cubically con-
vergent method developed in [36]) is motivated by the fact that the computational cost of the Jacobian assembly and fac-
torization is observed much higher than the computational cost of the residual’s evaluation. Indeed, let us consider a mesh
having 30’931 tetrahedra and set At = 0.015. We evaluate the computing times required for the Jacobian assembly and fac-
torization and the residual’s evaluation on a workstation with an Intel ® Core ™ i7-4790 (3.6 GHz) processor. The CPU time
required for the residual’s assembly 59.910 s is almost 4 times cheaper than the CPU time of the Jacobian assembly 61.161 s
and factorization 155.303 s. Notice that the resolution of the resulting linear system is significantly cheaper 0.304 s. The
Kou’s method consists in computing the increment at each Newton iteration in two steps as follows:

(1) First, compute xi 5= X + dxp such that:

(D2 (xi)[5xi]. &) = (#(x7).§). V&. (32)
(2) Secondly, compte the solution xj, ; = Xi 5+ 6xl’§+05 such that:
(D‘@(Xﬁ)[(sxbo,s]f) = —<%(Xz+o,5)’§)v v§. (3.3)

Thereafter, we drop the subscript n referring to the time step whenever it is contextually clear, and we rather denote k
as a superscript. A second-order extrapolation of the solution at the previous time steps enables to set the starting values
at each Newton loop. Since the Newton algorithm is sensible to the choice of the starting value, we sometimes use a fixed-
point method to set the initial guess for the first nonlinear iteration. We iterate the method until reaching the convergence.
The stopping criterion is based on the computation of the residual. We set the Newton tolerance to 10~8 in our numerical
computations.

Let us focus on the computation of the directional derivatives of the invariants of the surface left Cauchy-Green defor-
mation tensor Bg in the direction of §B;. We have:

Dtr(B;)[8B;] = 6B, : mr and  Dtr(BZ)[B;s] = 26Bsar : mrBs = 2B 8B; - mr-.

We now proceed with the linearization of the strain invariant J; which leads to:

DA[8B;] = o= ((By : 7r) (0B : 7r) — SByrr : mrBy) = oo ((By : 7rp)1 — Byr) 8By < mp

27 27
1 on -1 . 1,4 . R
D;S[SBS] - j—SZDJS[(SBS] = 2753((35 s 7)1 - Bywr ) 8B - 7,
1 roa -3 . 3 . . R
DJ—SB[SBS] = J—;‘DJS[SBS] = 2755((135 s wr)mr — By : 8Bs. (34)

To make the finite element implementation straightforward and present the tangent problem in a compact manner,
we consider the following weighted multi-linear forms. We use the semicolon symbol to separate between the unknown
and the test function on one side and the weights on the other side. We introduce for all u, ve H/(Q); g€ Q; 7, Te W;
w e L®(2) and PeL®(Q)4 x4 the forms:

a(u, v; w) =f 2wD(u) : D(v); b(u,q;P) = —f qP:Vu; c(u,v;w,w) =f w((u~V)w+(w-V)u).v;
Q Q Q
d(t,v;w, P) =/ wt: (PVUP); e(T,v;w,P, 1) =f W(((T :P)I-P)T: P) (z:PVVP);
Q Q
f(T,v;P,r):f (rT:P)(Vv:P); m(u,v;w):/ wu-v; g(T,T):/T:r;
Q Q Q
(T, T; u) :/ (u-VT—sym(VuT)):7; B ©:T) =a(T, 7:u).
Q

For ease of exposition, we only present the tangent system associated to the classical quadratically convergent Newton
method. The semidiscrete approximation in time of the tangent problem reads:
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P yn-1 (8x%): Given x*, find the update 8 x* = (su*, 5p*, 5BK) € V(u,) x Q x W such that

ziAtm<8uk’ V; s ((pn—l)) + c(éuk, v; e ((pn—l)’ uk) + a(suk’ Vi e (gan—l)) + b(l}, apk; l)

Es N -1 -1 Es (cak .. 1 -1 -1 Bl
+3d<8Bs‘,U, ?S’(|V(0 |8 (@™ ),7[1-> — 36(535,1/, 2(\7Sk)3|V(p” |8 (@™ ), T, B¢
~ Vo1 ~ ~
+Esf<8B’§, v Ty, %ﬁ)J((BE s o)l — Bimr) 8, ((p“‘1)> = —{2x(x"). ")woy,vw)’ (3.5a)
b(suk, q; 1) = — (2, (W), @) 0, (3.5b)
3 o N ~ .
Z—Atg(SBf, 7) + o (OB}, T:u¥) + B (Su', 7; BY) = —(#, 5 " BY). 7). (3.5¢)

for all v e V(0), g € Q and T € W. The corresponding residuals are expressed as:

(70 (X¥).v) = ZLAtm(Buk 4w w2y ps(gan—l)) n %C<uk’v; ps(gan—l)’uk)

k. -1 k. Es 1 -1 “1y. —n-1
+a<u‘, v; e (" )) +b<v, r*; I) + 3b(v, T IV 118: (9" 1); al: )
Es (4 1 _ - _ _
+3d<B§‘,v; 7S,<|V¢” 8 (@), mh ‘) —m<g, v; e (0" 1)), (3.5d)
(%p(u"). q) = bu¥, q; 1), (3.5e)
(%, 5, W, BY). 7) =@ (ﬁg, T u") + %Atg<3l§f _ 4B B2, 1). (3.5)

It is worth pointing that the tangent problem is derived from the time discrete system; hence it depends on the time
advancing scheme chosen. Regarding the space discretization by finite elements, we adopt a Taylor-Hood finite element
approximation for the discretization of u and p. Let "Z,h be an approximation of u} at the Newton sub-iteration k at time
t", and similarly for the other variables. We consider the following finite-dimensional spaces:

Vi = {u,., € V(ub) ﬂCo(ﬁ)d . uh“( € (Pz)d, VK e %l}, Wy, = {Th eW:tp,= TE, rh.ij\l( € P],VK € I, 1< l,] < d},
Xy = {¥n € V(@) NCO(Q) : Yy € P2, VK € 74}, and Q= {q, € C°(Q) : gk € P1. YK € F).

The Galerkin scheme associated to the formulation ,@Wn,1(3.5a)—(3.5c) consists in finding 5)(2’;1 € Vj, x Q x X, at each New-
ton iteration. We subsequently search for (S(p;}vh € X, as the solution of the discretized Eq. (3.1d).

Finally, Strategy I is strongly-coupled and consists in iterating at each time iteration between the subproblems (3.1a)-
(3.1d) until reaching the convergence. This fixed-point strategy uses a convergence criterion based on the difference between
two successive membrane positions, that is || (¢'t!) — 4 (@) |le < €pp, Where [ represents the counter for the fixed-
point iterations. This algorithm might additionally benefit from an adaptive relaxation parameter (e.g. generalized Aitken
method [49]) but that was not investigated within this work. The overall coupling method is detailed in Algorithm 1.

3.2. Strategy II: fully implicit and monolithic strategy

In this section, we propose a monolithically-coupled solution scheme. In fact, the present model considers a massless
membrane, which results in an infinite ratio of the added mass of the fluid to the structural mass and renders many standard
partitioned iterative methods unstable [50]. That represents the main motivation to develop Strategy II.

Hereafter, all the linearities are treated implicitly and the entire problem is solved as a fully coupled system instead
of solving separately the level set equation and the remaining subproblem. The time derivative terms are approximated
by means of the second order backward differentiation formulas. In addition, we assume the signed distance assumption
resulting from the resolution until convergence of the redistancing problem. That corresponds to the assumption |Vg¢| =1
everywhere in . If the redistancing problem is not iterated until reaching the convergence, the algorithm corresponds then
to an inexact Newton strategy and the quadratic convergence of the Newton method can be deteriorated. Deep investigations
of such inexact Newton strategies for the highly nonlinear problem of vesicles freely suspended in shear flow can be found
in [51]. The time discrete fluid-membrane interaction problem reads:
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Algorithm 1 (Strategy I): strongly-coupled segregated approach.
1: set initial conditions, Newton tolerance €y and fixed-point tolerance €f,
2: let n =0 and x°, ¢° be known values
3: forn=1,..., Nmax = T/At do
4 set (0””=0 — (pn—l )
5. initialize uj_,; = ii" and ﬁ?,k:o = ﬁ’; by second order extrapolated predictions
6: forl=1,...do
7: set initial increment § xj =0
8 for k=1,...do
9: assemble and factorizeDZfrom =@(ﬂn.l—l (8xp) (3.5a)-(3.5¢)
10: evaluate the residual % (x?) from (3.5d)-(3.5f) using x} and ¢™/~!
11: compute dx; from (3.2)
12: update xp 5= X +8X}
13: evaluate the residual (X}, 5) from (3.5d)-(3.5f) using X}, 5 and ¢™/~1
14: compute § Xy 5 from (3.3)
15: update X, = Xi,05 T 9Xii05
16: if HR)((Xk)HV(O)’ < ey then
17: break
18: end if
19: end for
20: update the solution x™' = 7 |
21: compute ¢™! from (2.3), advected with u™!
22: if | A (™) — A (9™71) | < €Fp then
23: break
24: end if
25:  end for
26:  update the solution x" = x™! and ¢" = ™!
27: end for
Strategy II: find x" = (u", p", ﬁ’;, ©") € V(up) x Q x W x X(¢p) such that
n n—1 n-2
/ p£(<p")<3u L Vu“) -v+/ 2/1e (") D) : D(v) —/ P div v
Q 2At Q Q
Bl (@M : Vv+ E 1l (™) B! : AL Vvr! =/ o (P") g v (3.6a)
39(:75”)36 r:- 39‘7511‘9 s -t r QE ’ .
/ q divu' =0, (3.6b)
Q
pn pn-1 pn-2
/Q 3B; 4]235At +B . + /Q (u*-VBY): 7 —/stm(Vu”B';) :1=0, (3.6¢)
n n-1 n-2
/ Sl e 1//+/ " Vg"yy =0, (3.6d)
Q Q

2At

defined for all v € V(0), g € Q, T € W and ¢ € X(0). Thereafter, we provide the directional derivatives of some useful quan-

tities in the direction of a spatial increment 8 x = (8u, 8p, 8B, §¢). We have:
Ddivsv[d¢] = Drr[d¢]: Vv=—(Vép-Vv). Vo — (Vo -Vv).Vip,
DJ; 8¢l = -37,*DIi[8¢],

DJ[8¢] = %jSD<(l§s cr)’ - (Bomr)” l)[8<p] = ﬁ(tr(Bs)ﬁs : Drr[8¢) — BrB, Dﬂr[5¢]>

= % (ﬁsnpﬁs(Vgo ®V3p+Vépe V) :1- (B :nr)(Bs: (Voo Vép+ Vip e V(p))).
N

Now, remembering (3.4) and (3.7), the full linearization of the surface stretching J; reads:
DJ:[8 X] = DJ[8Bs] + DJ:[8¢]

1 4 . . 1 & & o .
= ﬁ((Bs t;p)wr — wrBswr) 1 6Bs + ﬁ(Bsnl"Bs —Bs:mr)Bs) : (Ve Vép+Vépe Vo).
S S

(3.7)
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Let us introduce the following weighted multi-linear forms:
i@, ¥;w) = fA Yyw-Vo, hip, ¥;w) = /AWW,
jlp.1;w) = /Agov~w, (o, v;w,w) = a(v, w; pw),
s(p,v; P) =/A<pP: Vo,
l(p,1; W, W, T) = /Awsym((Vgo w+we Ve)t) : Vy,

y(p,v;w,P, T) =/ P:Vv)yr: (Vopew+we V),
A
defined for all u,v e (H'(A))% g e L>(A);we L®(A);we (L°(A)% @, e H'(A)and P, T e (L= (A))%.

The residual corresponding to the advection equation of the level set function reads:

3(pk _ 4(pn—l 4 (pn—Z .
k 4k _ . k .k
<%ﬂ((’0 M ) 1p>x(0)',x(0) - h( 2At T ) i@t i), VY e X(0).

Collecting the expressions derived above, the exact tangent problem corresponding to Strategy II reads: find Sxk =
(Suk, 5pk, SBE, 8¢%) € V(up) x Q x W x X(¢" 1) such that

%m(&u", V; Pe (go")) T c(&uk, v; 06 (¢%), u") + a(&u", v; e ( )) + b(v, spk, I)

§0k
: k o (U —4u a2 k k kY 1k
+(po — pi)J| S¢*, v; 86 (#") SAT +u -Vl ) )+ (1o —m)r<8<p ;8 (%), u )

Es [ sar ., 0:(¢") Es of ca 8 (@) (k. 5
+3Sd<(SB§,v; 0 k) - (8wt S0 (B - o)

CE(sak o, @Y ks Es ko 0@ kg 8L(9Y)
66(535,1/, (jsk)s’”r’BS +3S S¢",v; 7 BTt L b45

E 8 (" E 8 (" . ,
+631<5<pk,v; (@ 3),V<p",l> - 35!(8<p",v; ) vy, Bi‘ﬂ’f) ~(Po— pf)J(Sw",v; 8 (w")g)
(J5) Ts

+ 5 (s0k v: Vo 5s(<ﬂk)nk ~ 8e(eh) kBl BlkBY — (BY : mk)BY ) = (7 (x). v (3.8)
2 v ognv Vg (jsk)s r 3($k)3 s> Bs 1 Bs s - )Bs | — x\X")s V(O)/,V(O)’ .
b(suk, q.1) = —(%,(u"), @) .0, (3.8b)
3 4 . . .
808 7) + cr (6B, T ) + (S, 7: BY) = —(7, 5, (" BY), T)W,,W, (3.80)
3 ) . ,
h(Sgo", v m) i, i u) + (W, U Vgk) = — (2, (05, 1), W) oy 200, (3.8d)

for arbitrary test functions v € V(0), ¢ € Q, T € W and ¢ € X(0).
4. Numerical results

The present framework has been implemented within the C++ environment for scientific computing Rheolef [41].
Distributed-memory parallelism relies on MPI'. The library relies upon the Boost?, Blas® and UMFPACK* packages for much
of its functionalities. We have used MUMPS® for the factorization and as direct solver on distributed-memory architectures,
together with the Scotch® ordering algorithm for minimizing the fill-in of the large and sparse matrices. Numerical results
are displayed graphically using Paraview’ and Gnuplot®.

Message Passing Interface - http://www.mpi-forum.org

Boost libraries - http://www.boost.org

Basic Linear Algebra Subprograms library - http://www.netlib.org/blas
Umfpack routines - http://www.cise.ufl.edu/research/sparse/umfpack/
MUMPS - http://graal.ens-lyon.fr/MUMPS

Scotch - http://www.labri.fr/perso/pelegrin/scotch

Paraview - http://www.paraview.org

Gnuplot - http://www.gnuplot.info
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Fig. 4. Example 1: (left) comparison of the shapes at final time t = 3 with respect to the reference solutions in [53]. (right) Detailed view in the zone of
maximal disparities at t = 3 (using the same colorbar). (For interpretation of the references to colour in this figure legend, the reader is referred to the
web version of this article).

For numerical validations, this framework is investigated through different sets of membrane properties. In the first
example, we restrict our attention to the particular case where the problem is reduced to the modeling of multiphase
flows under the capillary effect. The second example concerns the pressurized flexible membrane where the mechanics is
restricted to the membrane stretching [52]. In the third example, we test the method for a stiff problem involving a more
complicated configuration such as the flower shape. Finally, we consider the full elasticity model in the three-dimensional
case, and we provide insights on the computational timings required for both strategies.

4.1. Example 1: multiphase flow with surface tension effect

Although the main focus of this work is on the fluid-structure interaction problems involving thin elastic structures, we
show here that the presented method can be easily adapted to solve the capillarity problem [53]. In such a case, the stored
energy is linear with respect to the membrane stretching, that is W/(J;) = y is constant. Here the surface tension coefficient
y is assumed isotropic and isothermal. Accordingly, the stress tensor is expressed as os = Yy, and the corresponding cap-
illary force 7 = —yHn follows from (2.2). To assess the performances and convergence properties of the strongly-coupled
segregated approach, we solve the capillarity problem using Strategy I and we perform comparisons with some available
results in the published literature.

We consider the benchmark of the rising bubble dynamics introduced in [53], and we proceed with the validation of the
multiphase flow solver. The benchmark focuses on the dynamics of a circular bubble of radius ry = 0.25 initially centered
at x=(0.5,0.5) in the computational domain [0, 1] x [0, 2]. We track the dynamics of the bubble for t € (0,T) = (0, 3).
The surrounding fluid is heavier than the inner fluid such that p, = 1000 and p; = 100. The dynamics viscosities are set
to po =10 and w; =1, while the surface tension is y = 24.5. No-slip boundary conditions are prescribed on the top and
bottom boundaries, while free slip conditions #-v =0 and t - D(u) - v = 0 are imposed on the remaining boundaries, where
t is a unit tangent vector on J<2.

For a quantitative study, we consider some benchmark quantities following the reference test [53]. Let u, be the y-

component of the velocity vector. The degree of circularity ¢(t) measures the circumference of a circle having the same

enclosed area as the interface. In addition, we introduce the rise velocity V¢(t) and the center of mass Y¢(t) given by:

2/TQ0O

1 1
Tl - 192;[(t) Ja,o) 192;[(t) Jo,0)

We also compute the minimum circularity #mn, the corresponding incidence time ‘l=¢mn, the maximal velocity V¢, max and

the corresponding time incidence t|y,_y, ...- The enclosed area |;|(t) = /16 should be preserved. We proceed with a
comparative study with the reference solutions obtained in [53] and referred to as “TP2D”, “FreeLIVE” and “MooNMD” (Finite
Element method). We also compare to [54] (Volume-of-Fluid method), [55] (Volume-of-Fluid method), [56] (adaptive Finite
Element method) and [57] (Finite Element method).

We perform computations on regular meshes. The mesh resolutions are h € {1,/20, 1/40, 1/80, 1/160} and the correspond-
ing time step sizes are At e {3.5 x 1072,2 x 1072,102, 2 x 103}, respectively. In Fig. 4, we compare the shapes obtained
at the final time t = 3 using different meshes. The zoom view in the zone of maximum disparities show a good congruence
between the shape obtained with the finest mesh and the reference solutions. In Fig. 5, some snapshots show the pressure
discontinuous across the interface I'. The temporal evolution of y. and V. depict that no significant differences can be ob-
served at all, see Fig. 6. Only the zoom views show small deviations that are minimized for the finest resolutions. In Table 1
we compare the computed benchmark quantities to those obtained in the reference papers. Overall, a good agreement of
the computations on the finest meshes is observed.

The spatial accuracy of the numerical approximation of a given quantity ¢ is studied by computing normalized errors on
successively refined meshes with respect to a reference solution ¢ obtained with the finest mesh size. The time step is small

¢(t) = y(t)dx and Vc(t) = uy (t)dx.
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Fig. 5. Example 1: snapshots showing the pressure jump across the membrane at times t = 0.461, 1.385, 2.077, 2.977, respectively. A mesh size h = 1/100
is used.
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Fig. 6. Example 1: comparisons of the temporal evolution of the center of mass (Top) and rise velocity curves (Bottom) with respect to the reference
solutions [53]. (Left) The complete simulation period. (Right) Detailed view in zones of maximum discrepancies using the same colorbar. (For interpretation
of the references to colour in this figure legend, the reader is referred to the web version of this article).

Table 1
Example 1: comparisons with benchmark quantities and published results: minimum circularity and maximum rise velocity,
with corresponding incidence times, and the final position of the center of mass.

Computations Available results

1/h=20 40 80 160 benchmark [53]  Ref. [54]  Ref. [55]  Ref. [56]  Ref. [57]
imin 0.9161 09060 0.9021  0.90107  0.9012+0.0001 0.8876 0.9044 0.9013 0.9001
U=t 2.0000 19285 19142 1.90430  1.8895+0.0145 1.8915 1.9625 1.8835 1.9000
Ve, max 0.2399 02412 02415  0.24163  0.2419+0.0002  0.2457 0.2348 0.2419 0.2412

VeV max 1.0250 0.9571 09398 093146  0.9263+0.0050  0.9235 0.9516 0.9290 0.9248
Ye(t=3) 10699 1.0779 1.0812 1.08177 1.0808 £ 0.0009 1.0679 1.0696 1.0809 1.0815

enough to avoid significantly influencing the overall accuracy. We introduce the following errors and rate of convergence:

N~ N  ~ .
DDLU Dl L _ maxle 4l tog(llell/llel)
||e§'||1 = N - s ”e{HZ_T, ”e;-”oo_—," and = ———— (4_1)
e 18] ZH I I? max || log(h/h)

with ie{1, 2, oo}, while e and & stand for the errors obtained with two consecutive meshes of sizes h and h, respectively.
We consider the standard linear interpolation to account for the differences in the time step sizes. We perform simulations
for the time interval (0,1). Table 2 shows the error history and the corresponding orders of convergence. Computations
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Table 2
Example 1: convergence history of some benchmark quantities with respect to the spatial resolution.
1/h llells Th, 1 llell2 Th2 llello Th, oo
20 6.024E-3 5.241E-3 4.408E-3
¢ 40 9.300E—-4 2.695 9.455E—-4 2.471 1.249E-4 1.820
80 1.336E-4 2.799 1.616E—4 2.548 3.210E-4 1.960
20 4.662E-3 5.812E-3 1.106E-2
Ye 40 1.686E—-3 1.467 2.035E-3 1.514 3.714E-3 1.574
80 6.006E—4 1.489 7.321E-4 1.475 1.362E-3 1.447
20 1.586E-1 1.545E-1 1.399E-1
Ve 40 3.977E-2 1.995 3.866E-2 1.998 3.462E-2 2.015
80 9.542E-3 2.059 9.411E-3 2.039 9.211E-3 1.910
20 8.027E-3 8.027E-3 8.037E-3
12 40 1.509E-3 241 1.509E-3 2411 1.516E-3 2.406
80 2.364E-4 2.675 2.364E-4 2.675 2.394E-4 2.663

reveal that the circularity approaches a convergence order of 2.75 and 2.5 in the [y and [, norms, respectively, whereas the
convergence order is about 2 in the I, norm. The convergence orders of the center of mass decrease to 1.5 in all norms.
The rise velocity has a convergence order of about 2 in all norms. Finally, the area of the enclosed domain approaches a
convergence order of about 2.75 in all norms.

4.2. Example 2: relaxation of stretched elastic membrane

This numerical example concerns the relaxation of a pressurized flexible membrane in the two-dimensional case under
the effect of the elastic force. Here the elastic properties are restricted to the membrane stretching [52], while the stress-
strain relationship will be precised afterwards. We consider the set-up described in [58,59] of the ellipsoidal membrane
having initially the semi-major and semi-minor axes a = 0.75 and b = 0.5, respectively, and immersed in a fluid having
pi = Po = 1. We consider constant viscosities in the inner and outer domains @ = ; = (0. The membrane is centered in a
square computational domain and we prescribe homogeneous Dirichlet boundary conditions for the velocity (i.e. u, = 0).

The resting unstretched membrane is circular and has the radius 0.5. The restoring force brings the stretched ellipse
back to an equilibrium circular steady state (but stretched) with the same enclosed area and having a radius +ab ~ 0.61237
(enclosed area preserved), in which the force vanishes. Accordingly, the membrane stretching at the initial time is J5(0) ~
1.2625316 and corresponds to the surface stress tensor Bs(0) = J2(0)mr.

4.2.1. Convergence properties of the Newton algorithm

The membrane is centered in [—1.5,1.5]2, and we consider a linear stress-strain relationship such that the membrane
force is given by: Fr = diviOV (Js)xr) = Vs(To(Js — 1)), where Ty is the membrane tension coefficient set to 10. In
Fig. 7, the temporal evolutions of the semi-axes and circularity for several values of the viscosity p show higher frequen-
cies of the membrane oscillations when considering lower viscosities until the convergence is reached. The results show
a good agreement with [58,59] and are qualitatively comparable to those obtained in [52]. As pointed out above, the case
of constant Js(t), Vt corresponds to the case of a bubble under the surface tension T, effect. Fig. 7 shows that the bub-
ble’s relaxation is slower than the relaxation of the elastic membrane. We proceed with a numerical investigation of the
convergence properties of the Newton methods. We set the physical parameters to yu = 0.2 and Ty = 1. At every Newton
sub-iteration, we compute the rate of convergence:

., with k> 2. (4.2)

] ) s [0 1l

|j Xk 2 h)

In Fig. 8 we report the rates of convergence r(k) for several values of the time step size At. Remark that, by increasing At,
the starting values for the Newton loop become far from the expected solution. Fig. 8 clearly depicts that the third-order
convergence of the present method was obtained, whereas we observe a second-order convergence when using the standard
Newton approach. For the largest values of At, we observe that the residuals curves have two parts: a plateau holds during
the first iterations in which the residuals decrease slowly up to a threshold value, beyond it the residual converges with the
expected quadratic or cubic behavior. Beyond a critical time step At, a complete breakdown of the algorithm is observable.

Hereafter, we focus on the computational cost of the present strategy and we perform comparisons with the classical
Newton method. For a quantitative comparison, we evaluate the CPU times for serial simulations which enables to measure,
together with the errors evaluation, the required computational effort to establish a certain accuracy.

We perform computations with the same regular mesh having 4’298 elements. In Table 3, we provide the timings of the
computations for both strategies for several values of the time step size. We can observe that the quadratically convergent
Newton approach behaves cheaper than the present method when considering very small time steps, almost for At < 1072,
Indeed, the expected solution is relatively close to the starting value x*=0 and both methods converge in less than two iter-
ations. Compared to the standard Newton method, the present approach requires an additional evaluation of the residual in

\ (Xi10) v/(u) v (0)
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Fig. 7. Example 2: temporal evolution of the circularity ¢ (a) and the ellipse axes (b) for several values of the viscosity . (c) Comparison with respect to
a relaxing bubble under the surface tension effect for the same parameters Tp = 10 and u = 0.01.
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. ( k k Standard Newton method
#(x) |
k At =0.01 0.1 0.25 0.35 0.42
107 3 1.865 1.404 — 0519 0.163
4 1.793 2.383 0.971 0.654 6.464
5 1.254 2.964 4310 0.673
10-10 6 1.888 1.478 0.496
7 1.636 2.244
8 1.489 2.125
1 9 2.162
10 10 1.192
1
#(xh) ||
10-5 Kou’s method
k At =0.01 0.1 0.25 0.35 0.42
3 - 2.971 1.655 1.072 0.678
10710 4 3.027 3.490 3.467
5 1.143 3.085
10~ | Newton{s ¥ariant kA
1 3 6 9 12

Fig. 8. Example 2: convergence properties of the cubically convergent Newton variant and comparison with the classical Newton method. (Left) Plots of
the residuals’ convergence curves. (Right) Corresponding rates of convergence.

Table 3
Example 2: comparison of the computational cost between the present Newton variant and the
standard Newton method for several At.

CPU time
At Kou’s method Standard Newton method
0.001 24.0345 15.7549
0.01 25.9083 23.0395
0.2 51.6319 57.8756

0.45 53.3225 74.5114
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Fig. 9. Example 2: time evolution of the membrane major and minor axes for several spatial resolutions.

0.8 p -0.52

Y Zoom view
I (t)

Zoom view

I (t1)
Overall situation
1/h =20

40 ~
80 x
120 =
160

-0.6

0.8 b ‘ Il 068 ‘ N

-0.6 0 0.6 -0.2 0 0.2 0.4 -0.4 0 0.4 -0.65 -0.5

Fig. 10. Example 2: comparisons between the membrane shapes at t; = 1.5 and t, = 2.33 for different mesh sizes. The same color code is used. (For
interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article).

each Newton sub-iteration and leads to a higher computational cost. However, the present method becomes more beneficial
when increasing the time step sizes, thanks to the third-order convergence behavior.

4.2.2. Accuracy tests

To assess the properties of the formulation, we perform a numerical study of the spatial convergence. The pressurized
elastic membrane is centered in the computational domain [—1.25, 1.25]2, while the stress-strain relationship is given by
the relation W/ (Js) = To(JZ — 1) with Ty = 2. That corresponds to the elastic force Fr = divs (Ty(J2 — 1)7r). We consider
constant viscosities (; = (1o = 0.05 and densities p; = p, = 1.

Fig. 12 shows some snapshots of the numerical solutions at different times during the oscillation period obtained with a
mesh size h = 1/160. In particular, the pressure discontinuities across the membrane are clearly observed.

Let us consider a refined reference solution, referred to by the tilde symbol, obtained with the finest mesh size h = 1/160
and smallest time step size. Let ||.||lo, o and ||.||; o design the L? norm and the H! semi-norm, respectively. We numerically
investigate the spatial accuracy of the proposed numerical scheme by computing the following errors on successively refined
meshes with respect to the reference solution:

lup (. T) —a(.. T, Ipr(..T) = (. Dl |$2;p| — wab
= , = : Q) = Bonl — 27
en(u) Dl g . en(p) 3G Dlha . en(IS2]) P
N tB (., T) — trBs (., T)lor lon(T,.) = @(T, Jlloq ITu| — |T°|
BS = . = —, = — . d )= —w—  —--.
en(Bs) 1Dl en(g) T lon and e, (|T"') i

The membrane shapes at particular times t; = 1.35 and t, = 3 are shown for several spatial resolutions in Fig. 10. The
detailed views at zones of maximum discrepancies depict a good agreement. The time evolution of the major and minor axes
for successively refined meshes are provided in Fig. 9. The area enclosed by the membrane should be preserved during the
relaxation process. In Fig. 11, we provide the time evolution of the enclosed area, showing minor differences for the finest
meshes with respect to the theoretical value. Notice that |€2; ,(t)| is not exactly preserved but it should only be satisfied
as h— 0. The evolution of the errors e,(|€2;]) and e,(|I'|) against the spatial resolution shows a second order accuracy. That
is similar to the convergence behavior obtained with the Immersed Interface Method, while first order convergence was
obtained with the standard IB method, see e.g. [52].

The spatial errors and the corresponding convergence rates for the numerical solutions with respect to the reference
solution are depicted in Table 4, as function of the mesh size h. Even if the rigorous theoretical estimates are not available
for the present problem formulation, the analogous estimates for elasticity and fluid problems suggest that the obtained
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Fig. 11. Example 2: (Left) Time evolution of the enclosed area for several spatial resolutions. (Right) Spatial convergence curves of |2;| and |I'|.

Table 4

Example 2: spatial error history associated to the finite element discretization of the problem.
h en(u) () en(p) Th(p) en(¢) (@) en(Bs) 7 (Bs)
0.05 1127800 0.869478 0.0798112 0.0844169

0.025 0.883618 0.35202  0.581615 0.580084  0.0302727 1.39857 0.0535434  0.656821
0.0125 0.571068 0.62976  0.309685  0.909262  0.0135248 116241 0.0328551 0.704592
0.0083  0.442466  0.62926  0.217991 0.865926  0.0090735  0.98447  0.0247059  0.703055

Table 5
Example 2: relaxing stretched membrane in an incompressible flow. Relative error norms in the membranes axis and circularity and the
corresponding orders of convergence.

mesh size llealls Th,1(@) llell2 T, 2(@) el T, oo(®)
1/40 3.8468E—2 - 4.7852E-2 - 8.4052E—2 -

1/80 1.0156E—2 1.9213 1.1948E-2 2.0018 1.9296E—2 2123
1/120 4.0072E-3 2.2936 4.6708E-3 2.3165 7.4224E-3 2.3562
mesh size ”"4“1 1 (¢) “W”z rna(f) fleell., oo (¢)
1/40 2.8730E-3 - 3.4529E-3 - 6.5534E—3 -

1/80 7.3916E—4 1.9586 9.7278E—4 1.8276 1.9719E-3 1.7327
1/120 3.0410E—4 2.1905 4.0989E—4 21315 8.6894E—4 2.021

rates for the velocity and pressure are not optimal. The elastic force is singular and localized on the membrane, and the
asymptotic convergence needs to consider h < <¢. Most importantly, the lack of accuracy is due to the regularization of
the elastic force on the membrane which results from the smoothing of the Dirac delta function. The spreading of the
force generates larger forces in a small surrounding of the membrane. While the pressure field should be discontinuous
across the membrane, the regularization of the force and the inability of the underlying finite element space to reproduce
discontinuities inside the mesh elements reduce the numerical accuracy of the method, see e.g. the results and discussions
in [20,52,60,61] for the IB-type method. To achieve the optimal rates of convergence when the solution is regular enough,
one needs to retrieve the sharp representation of the membrane and impose the proper stress discontinuities across the
membrane, see e.g. [62].

Very briefly, we present some possible techniques to treat this problem. The first technique require appropriate refine-
ment and reconstruction of conforming meshes to accurately capture the membrane [62]. This approach can lead to a high
computational burden for time-dependent problems. A variant of this approach is the Conformal Decomposition Finite El-
ement Method (closely related to XFEM) that consists in cutting the elements which are intersected by the zero-level set
curve or surface [63]. Several numerical issues can arise due to the generation of nearly degenerate elements, which may
result in the ill-conditioning of the resulting linear system. Other methods consist in adapting the finite element approxi-
mation space instead of adapting the mesh. These enriched approaches consist in modifying or locally adding suitable basis
functions so that they allow capturing the solution discontinuities across the membrane, see e.g. [64] for a review. These
available techniques need to be investigated and adapted to the present framework to achieve the optimal convergence
properties. That remains beyond the scope of this work and is currently investigated in an ongoing work.

Thereafter, we follow the numerical study in Example 1 and we compute the normalized errors on successively refined
meshes for the membrane’s axis @ and circularity ¢. We consider the time horizon t € (0, T = 2.8) that corresponds to the
first period of oscillations. In Table 5 we evaluate the errors given by (4.1) and we provide the corresponding rates of
convergence. Numerical results suggest that the membrane’s axis and circularity approach almost a convergence order of 2
in the I; and I, and I, norms.

4.2.3. Influence of the physical parameters on the convergence of Strategy I and Strategy II
In this paragraph we investigate numerically the influence of the physical parameters on the convergence properties of
the strongly-coupled partitioned and monolithic strategies. Let us consider the same setup described in 4.2.2. First, we focus
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Fig. 12. Example 2: snapshots showing the solutions and oscillations of the pressurized elastic membrane at successive times t<{0.05, 0.35, 0.6, 1.3, 1.65,
2.75}, respectively. A mesh size h = 1/160 is used.

on Strategy | where the convergence of the algorithm at each time step depends on the relative error of the membrane
position. In Fig. 13 we report the number of sub-iterations per time step required until the convergence is achieved, for
particular values of the fluid viscosity ;& = 0.025 and u = 0.075. The number of sub-iterations is reduced when using smaller
values of the viscosity. For i = 0.075, the converged solution of the algorithm is usually obtained after two sub-iterations,
while the Newton algorithm generally converges in two or three sub-iterations.
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Fig. 13. Example 2: iterations history using the partitioned Strategy I during the first relaxation period of the pressurized membrane.
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Fig. 14. Example 2: convergence properties of fixed-point iterations using Strategy I (strongly-coupled partitioned approach) for several values of the fluid
viscosity. (left) Normalized relative error in ¢. (right) Normalized relative error in u.

Table 6
Example 2: evaluation of the computing times required by
Strategy I and Strategy II for various values of the viscosity.

CPU time
" Strategy | Strategy Il
0.05 17.150 24.451
0.025 26.415 30.300
0.01 59.029 31.823
0.005 123.929 52.505
0.0025 418.965 68.469

Table 7
Example 2: evaluation of the computing times required by
Strategy I and Strategy II for various values of the stiffness.

CPU time
To Strategy | Strategy 1l
1 10.861 18.511
2 17.150 24.451
3 27.730 29.097
4 53.027 30.555
5 505.603 32.410

We now focus on the influence of the fluid viscosity on the convergence of the strongly-coupled partitioned strategy.
We set At =0.01 and T, = 2, and we observe the convergence of the sub-iterations with respect to an increasing value of
1. Fig. 14 depicts the evolution of the relative error in the membrane position and fluid velocity. The errors are adimen-
sionalized. We clearly observe that Strategy I slowly converges when decreasing the viscosity, yielding larger computational
cost. The computing time required by Strategy I and Strategy II is evaluated in Table 6, showing that the fully monolithic
approach is more beneficial for small viscosities.

The influence of the structural stiffness is also worth to be investigated. We proceed with a similar study for fixed values
of At =0.01 and u = 0.05. Fig. 15 shows that Strategy I is more beneficial than Strategy II for small values of the structural
stiffness. However, a very slow linear convergence behavior is observed for large values of T, when using the partitioned
approach. When increasing the stiffness, Table 7 shows that the fully monolithic strategy allows significant computational
savings compared to Strategy I.
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Fig. 15. Example 2: convergence properties of fixed-point iterations using Strategy I (strongly-coupled partitioned approach) for several values of the
stiffness. (left) Normalized relative error in ¢. (right) Normalized relative error in u.
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Fig. 16. Example 3: snapshots showing the relaxation of the flower-shape membrane I" and the velocity profile at successive times t<{0.15, 0.6, 1.2, 1.95,
3.6, 7.2, 12, 14.25}, respectively from left to right and from top to bottom.

4.3. Example 3: elastic membrane with a complex initial shape

We now perform a purely Eulerian simulation of the relaxation of a membrane having a more complicated configuration
and immersed in a viscous flow. In this example, we do not intend to provide a detailed investigation of the method but
instead we only present the shape, velocity and pressure solutions. We consider the test case described in [61,65]. We
consider a linear stress-strain relationship. The membrane has initially a flower-like shape which is expressed in the polar
coordinates by the following expression:

r(0) =Ro(1 +€sin(xh)), with 6 ¢]0,2r],

where Ry, € and k are constants, and « is an integer setting the number of branches in the shape. We use the same param-
eters in [61]: Rg = 0.5, € =0.4 and x =5, while the membrane tension is equal to Ty = 0.05. The membrane is stretched
at the initial time. The resting configuration that would be obtained if a small leak across the membrane was permitted
is a circle having the radius r = 0.3. The velocity and pressure fields are initially set to zero, and the membrane dynamics
is driven by the elastic force. The membrane should relax toward an equilibrium shape having the same enclosed area as
the initial shape nR%(l + 0,562). The computational domain is [-0.85, 0.85] x [—0.85, 0.85]. Following [65], we set different
values for the dynamic viscosities on both sides of I', which are taken to be u, =1 and u; = 0.1, respectively. Computa-
tions are performed using a regular mesh having 49’092 elements (i.e. h = 1/160). Since the problem is very stiff compared
to Example 2 due to the larger curvature compared to Example 2, we first set the time step size to At =9 x 1073. We
subsequently use larger time steps, for t> 5.

In Fig. 16 we provide snapshots depicting the dynamics of the membrane for t<(0, 40). The snapshots in Fig. 17 show
the pressure distribution at particular times; they clearly demonstrate that the ability of the method to capture the high
pressure discontinuities across the membrane. A robust redistancing solver is required to avoid that the discontinuities
in the vicinity of the level set skeleton deteriorate the computational accuracy on the membrane, see [46]. In Fig. 18 we
present successive snapshots showing the level set solutions at particular times. The temporal evolution of the enclosed
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Fig. 17. Example 3: pressure distribution and jump across I" at successive times te{1.5, 2.85, 5.4, 25.5}, respectively.
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. 18. Example 3: the level set solution at successive times t e {0.15, 0.45, 3.75, 6.6}, respectively.
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Fig. 19. Example 3: temporal evolution of the circularity (left) and area (right) enclosed by the membrane.

area is plotted in Fig. 19 (right) and illustrates well the preservation of the area during the relaxation process. The final
stretched configuration at the steady state is fully circular with a circularity ¢(t) approaching 1, see Fig. 19 (left).

4.4. Example 4: deformation of three-dimensional elastic membrane

In this final example, we address a three-dimensional configuration where we describe the full membrane elasticity
using the neo Hookean model. We consider a spherical unstressed sphere of radius r = 0.6 enclosed in the computational
domain [—1.5,1.5]3. We set the material data E; = 20 and the fluid parameters p; = po = 1 and ; = w, = 0.3. The fluid is
initially stationary and we prescribe homogeneous Dirichlet boundary conditions for the velocity. A loading force in opposite
directions is applied to the membrane in the z-direction for times t< [0, 1] and is given by the following expression:

F(x.y.2) = cote (¥ +y* - 0.3)S:(2)8: (9)z,

The membrane is relaxed afterwards, i.e. for time t> 1. At any time t (0, T), we introduce the degree of sphericity

3
/367 (1)|2 c [0, 1]

NG as the surface area of a sphere having the same enclosed volume as the deformed sphere at time t. We
set c=6.5. Remark that §=1 corresponds to a perfect sphere and described the fully relaxed membrane. The external
force enables to compress the membrane gradually and the maximum deformation is achieved at t =1 where § ~ 0.936,
see Fig. 21. Snapshots in Fig. 20 show that the membrane stress during the compression is balanced by the increase in
the pressure jump across the membrane. At t = 1, the compression force is released and the elastic membrane is relaxed
until recovering the perfect spherical shape. The method features good volume preservation, that is, the maximum relative
error against the exact volume is about 3.49 x 10~7 at t = 15. The time evolutions of the enclosed volume and sphericity
degree are reported in Fig. 21. The energy conservation is of great importance. At any time ¢, (0, t) x €2 is denoted by Q7.
Let us introduce the kinetic energy &), the viscous energy &, the elastic energy &y and the work of external forces &y as
follows:

1
b=y [ ol s= [ piVal, su=[WE) and de=-[ fu
T T

The total energy & is identified as the summation of the previous energies. Fig. 22 shows the temporal evolution of the
different energies and allows to bring to light the good preservation of the total energy throughout the simulation period.

with ¢ > 0.
3(t) =
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Fig. 20. Example 4: snapshots showing the deformations of the membrane I' and the pressure profile (plane x = 0) at successive times t < {0.03, 0.15, 0.36,
0.54, 0.66, 0.9, 2.4, 8.76}, respectively from left to right and from top to bottom.
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Fig. 21. Example 4: temporal evolution of the enclosed volume (a) and degree of sphericity (b).

In fact, the elastic energy increases during the time interval [0,1] when compression is applied and it allows to balance the
external force f. When the external force is released, the membrane elastic energy gradually decreases and vanishes when
the unstressed spherical shape is reached.

Comparison between the monolithic and partitioned strongly coupled strategies

In this paragraph, we provide further insights into the performances of Strategy I compared to Strategy Il in terms of
computational cost. Recalling that for both strategies, the coupled problem & (2.4a)-(2.4f) is solved in an implicit manner,
while Strategy I represents a strongly coupled time integration approach that requires an iterative process between the
membrane position and the remaining problem. Although the approaches are fully implicit and are unconditionally stable,
we cannot use in practice very large time steps that makes the difference between the initial guess and the expected
solution too large causing the Newton’s method to diverge. In what follows, the time step size is set At =0.01 and we
perform computations in the time interval (0,T) = (0, 2).

The mechanical properties are given the neo-Hookean elasticity model and we consider the same set-up described above.
We consider the physical parameters: ¢ = 10, p; = 0.5, po =1 and w; = o = 0.1. Let us focus on the computational efforts
required by Strategy I and Strategy II for several values of the material stiffness. We measure the wall clock times using the
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Fig. 22. Example 4: energy conservation and temporal evolution of the different energies.

g{?iﬁpﬁe 4: evaluation of the computing times required by Strategy I and Strategy Il with respect to the stiffness coefficient.
CPU time
Es =0.1 Es=1 Es=4
#DOFs Strategy | Strategy Il Strategy | Strategy 11 Strategy | Strategy Il

103050 2 h 57 min 25 s 3 h 53 min 19 s 4 h 43 min 39 s 5 h 36 min 47 s 13 h 14 min 58 s 10 h 55 min
255598 12 h 30 min 29 s 19h43min33s 23h0min3ls 28 h 54 min 19 s 50h44 min26s 47 h35min42s
476’556 38h55min4ls 53h57min6s 108 h 14 min 16 s 115 h 18 min 15 s 184 h 0 min 11 s 171 h 6 min 40 s

same number of processors, set equal to 8 in these experiments. We notice that we do not intend to study in this work the
parallel performances of the code when increasing the CPU counts; however, we only focus on the influence of the material
properties on the computational cost. The computing times CPU are reported in Table 8 using several tetrahedral meshes.

As expected, the performances of both strategies depend on the physical parameters. Numerical results show that Strat-
egy I is computationally cheaper than Strategy Il when considering small values of the parameter Es (typically Es smaller
than 1). That is mainly due to the significantly larger size of the Jacobian matrices when considering Strategy II. However,
the complexity of the underlying problem increases when considering larger values of Es. In such a case, Strategy [ exhibits
significantly higher number of fixed-point iterations until reaching the convergence and results in substantially higher com-
putational burden. Due to this slow convergence, the monolithic approach becomes preferable from a computational point
of view. Nevertheless, we pinpoint that it is necessary to investigate some inexact Newton strategies which can help to
reduce importantly the computational cost of both strategies. That represents the content of a forthcoming work we are
currently developing.

5. Concluding remarks

This paper presents a computational framework for the modeling of the dynamics of elastic membranes in an incom-
pressible flow. The Eulerian description has been achieved by transporting a modified surface left Cauchy-Green strain
tensor, and the method is based on the use of level set and Newton methods in a finite element framework. Since the
membrane is assumed massless, resulting in an infinite added mass effect, we have only considered fully implicit time inte-
gration schemes. We have devised a strongly-coupled partitioned strategy and a fully monolithic solution algorithm to solve
the two-way fluid/membrane coupled problem. Both strategies have used the Kou’s method to improve the convergence of
the standard Newton method, yielding a third-order convergence behavior without evaluating higher order derivatives. The
robustness of the method has been demonstrated through a number of numerical examples. Accuracy tests suggest that
the numerical discretization yields a suboptimal convergence behavior, due to the regularization procedure and the inability
of the approximation spaces to accurately capture the discontinuities across the membrane. Numerical investigations have
brought to light that the partitioned approach is more beneficial in terms of computational cost when using small values
of the material stiffness or large values of the fluid viscosity. However, when considering relatively large stiffness or small
fluid viscosities, the partitioned approach becomes very inefficient as the fixed point algorithm requires a large number of
iterations to satisfy the strong coupling between the subproblems or even fails to converge. In such cases, it is preferable to
adopt Strategy Il that features substantial computational savings.

Nevertheless, the present method needs several improvements, and we highlight some of the straightforward extensions
and applications. As aforementioned, we are currently working on the development of an efficient variant to address the
suboptimal convergence behavior of the present method. It is based on both the adaptive Galerkin finite elements and the
enrichment of the finite element basis functions to accurately capture the discontinuities. At the numerical level, further
developments concerns the construction of robust preconditioners for iterative solvers and inexact Newton strategies. That
consists in considering suitable approximations of the Jacobian system, which allow to avoid the recurrent assembly and
factorization of the Jacobian matrix. In addition, an ongoing work concerns the development of operator splitting strategies
for the time discretization. At the modeling level, we are currently adapting the presented method to the simulation of
the hemodynamics in aorta, while modeling the mechanics of the aortic valve and the fibrous structure of leaflets. Another
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crucial difficulty concerns the modeling of the contact between leaflets when the valve closes. We foresee to consider the
material anisotropy in the leaflets’ tangential planes and the mechanical activation in a subsequent step. Finally, this work is
part of larger developments to model RBCs under highly nonlinear bending forces and equipped with the hyperelastic thin
cytoskeleton in small capillaries.
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